
Chapter 4

Local Convexi�cation on Finite

Dimensional Spaces

In this chapter we will present results of D. Li and X.L. Sun�s investigation found in [9].

We will consider a constrained noncovex optimization problem of the following form:

min f0(x) (4.1a)

s:t: fj(x) � bj j = 1; 2; :::;m (4.1b)

x 2 X (4.1c)

where fj : Rn 7�! R, j = 0; 1; :::;m, are twice continuously di¤erentiable functions and X is

a nonempty closed set in Rn.

It is also assumed that fj(x); j = 0; :::;m, are positive over X and that bj , j = 1; :::;m, are

positive. This assumption does not impose a strict restriction on problem (4.1) since we can

always apply a suitable equivalent transformation on (4.1) if necessary (e.g. the exponential

transformation).

Let x� be a local optimal solution of problem (4.1). The Lagrangian function associated
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to problem (4.1) is given by:

L(x; �) = f0(x) +
mP
j=1

�j [fj(x)� bj ] � � 0: (4.2)

A fundamental condition to apply local duality theory at x� is that the Hessian of La-

grangian L(x�; ��) be positive de�nite, where �� is the Lagrangian multiplier vector cor-

responding to x�. However, many nonconvex problems do not satisfy this local convexity

condition at their local optimal solutions. Hence, applying dual methods to this kind of

problems will fail to solve the primary problem.

In Li and Sun�s paper, they show that the local convexity condition in the local duality

theorem can be achieved at a local optimal solution of (4.1) after adopting some suitable

convexi�cation transformation on problem (4.1). They prove that under certain regular and

second-order su¢ ciency conditions, the Hessian of the p-power Lagrangian is positive de�nite

at x� for su¢ ciently large p.

Then, we will show the convexi�cation theorems for the pth power Lagrangian given in

[9].

4.1 Local Convexity of the p-Power Lagrangian

Let x� be a local optimal solution of (4.1). Assume that x� is an interior point of X and x�

is a regular point of the constraints in (4.1), i.e., rfj(x); j 2 I(x) are linearly independent,

where I(x) = fjjfj(x) = bj ; j = 1; :::;mg.

Also, suppose x� satis�es the second-order su¢ ciency condition. Then, there exists a

Lagrangian multiplier vector �� � 0 such that

rf0(x�) +
mP
j=1

��jrfj(x�) = 0 (4.3)

��j [fj(x
�)� bj ] = 0 j = 1; :::;m (4.4)

and the Hessian matrix
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r2xL(x�; ��) = r2xf0(x�) +
mP
j=1

��jr2xfj(x�)

is positive de�nite on the tangent subspace

M(x�) = fd 2 RnjdTrfj(x�) = 0;8j 2 J(x�)g

where J(x�) = fjj��j > 0; j = 1; :::;mg. Thus, we have

dTr2xL(x�; ��)d > 0 8d 2M(x�) d 6= 0: (4.5)

The goal is to �nd an equivalent programming problem such that r2xL(x�; ��) is positive

de�nite on all Rn, so that the Lagrangian function is convex on a neighborhood of x�. To this

purpose, the p-power formulation of (4.1) is de�ned as:

min [f0(x)]
p (4.6a)

s:t: [fj(x)]
p � bpj j = 1; 2; :::;m (4.6b)

x 2 X (4.6c)

with the p-power Lagrangian function associated to (4.6):

Lp(x; �) = [f0(x)]
p +

mP
j=1

�jf[fj(x)]p � b
p
jg (4.7)

for p > 0 and � � 0, then from (4.3) and (4.4) the optimal multipliers associated with x� in

the p-power Lagrangian (4.7) are given by

(��p)j =

8><>: [f0(x
�)]p�1=bp�1j ��j j 2 J(x�)

0 otherwise
(4.8)
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since

rxLp(x; �)jx=x� = p[f0(x
�)]p�1rf0(x�) +

mP
j=1

��jfp[fj(x�)]p�1rfj(x�)g

= pf[f0(x�)]p�1rf0(x�) +
mP
j=1

��j [fj(x
�)]p�1rfj(x�)g

= rf0(x�) +
mP
j=1

��j
[fj(x

�)]p�1

[f0(x�)]p�1
rfj(x�)

from (4.3) we can see that

��j =
[fj(x

�)]p�1

[f0(x�)]p�1
��j

so if j 2 J(x�), we have fj(x�) = bj : Therefore,

��j =
bp�1j

[f0(x�)]p�1
��j (4.9)

and in the case where j =2 J(x�), we have ��j = 0, which brings us to ��j = 0.

Now that we have presented the p-power formulation we will introduce the �rst theorem

shown and proven by Li and Sun in [9].

Theorem 4.1 Let x� be a local optimal solution of (4.1). Assume that J(x�) 6= ?, x� is a

regular point and x� satis�es the second-order su¢ ciency condition. Then there exists a q1 > 0

such that the Hessian matrix r2xLp(x�; ��p) of the p-power Lagrangian is positive de�nite when

p > q1.

De�ne the dual function for (4.6) as

�p(�) = min
x2X

Lp(x; �)

where minimization is to be understood as taken locally with respect to x near x�.

Since Lp(x; �) is the Lagrangian associated with problem (4.6), which is equivalent to (4.1),

and since the above theorem guarantees the local convexity condition for Lp(x; �) required by

the local dual theorem in [11] (Section 13.1), the following corollary is obtained.
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Corollary 4.1 Let x� be a local solution of (4.1) with optimal value r and Lagrangian multi-

plier ��. Under the assumptions in Theorem 3.1, there exists a q1 > 0 such that, when p > q1

the dual problem max��0 �p(�) has a local solution �
�
p de�ned by (4.8) with the optimal value

rp and Lp(x�; ��p) = �p(�
�
p).


