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ABSTRACT 
 

The mathematical modelling of a Dynamic Eliminator of Vibrations is presented. This 

model is based on two drums that rotate in opposite directions with a speed equal to the 

excitation frequency of the system. These drums contain the same amount of free elements 

such as rollers or spheres that translate in a viscous environment and compensate the 

excitation forces with the action of their centrifugal force. Also, a rotary hammer working 

principle is modelled with a novel method for the mathematical implementation of the DEV 

to this system, to determine the possibility of vibrations damping. Several systems of 

equations are developed and solved numerically using different input parameters. Results of 

these simulations where vibrations reduction (of 99%) is illustrated, are presented 

throughout this work, starting from simpler models up to systems with several degrees of 

freedom.  
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CHAPTER I – Introduction 
 

1.1 Context of the Research  

Vibrations can exist in all the systems that are part of this planet. They are produced in a 

great variety of conditions that define their intensity, duration, and frequency. These 

conditions mainly depend on the characteristics of the system itself, the excitation source 

and the way the vibrations are produced.  This means that while some bodies could 

experience stronger vibrations for a short amount of time, others could suffer imperceptible 

vibrations for longer periods of time.  

In most of the cases, vibrations are an undesirable phenomenon that affects different 

systems. On the one hand, they can affect mechanical devices and structures, causing 

fatigue damage, components wear and noise.  On the other hand, the human body is harmed 

by certain levels of vibration that can cause muscular and osteoarticular disorders.  For that 

reason, design engineers have spent great efforts in developing systems that can reduce 

vibrations to an acceptable level.  

One example of this situation is well described by the use of power tools in areas such as 

construction, woodworking, manufacturing, among others, which produce high levels of 

vibrations, directly affecting the user; even leading to permanent health issues.  

Therefore, companies have developed specialized damping systems that absorb and try to 

eliminate vibrations produced by power tools, particularly, impact ones. Examples of these 

technologies have been developed by leading companies of this sector such as spring 

mechanisms, floating handles, different types of active and dynamic vibration absorbers, 

etc.  
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Hence, a Dynamic Eliminator of Vibrations is proposed in this work, based on the theory 

developed by Dr. Tadeusz Majewski and with the purpose of determining its grade of 

effectiveness in vibrations damping. This system is mathematically modelled and solved 

with Matlab software. Additionally, the working principle of a rotary hammer is also 

modelled with the purpose of evaluating the feasibility of the implementation of a DEV of 

this kind.  

1.2 Research Questions 

During the definition of the general scope for this work, some questions arose and were 

answered as one of the main objectives of this research.  

I. Why is it so important to damp vibrations? Which are the main medical issues 

caused by the exposure to high levels of vibration? 

II. How does a Dynamic Eliminator of Vibrations work? 

III. What is the working principle of a rotary hammer? How could it be modelled 

mathematically? 

IV. Is it possible to reduce vibrations produced by a rotary hammer with a Dynamic 

Eliminator of Vibrations? Under which conditions is it possible to accomplish? 

1.3 Outline of the Document 

This work intends to develop the mathematical model of a Dynamic Eliminator of 

Vibrations, as well as, explain the mechanics behind this system. In this thesis, the author 

should determine whether it is possible or not to reduce vibrations produced by a device 

such as a rotary hammer and under which circumstances this could be accomplished. 
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A rotary hammer has been chosen from a list of impact tools available for the research with 

the purpose of having a real life reference and application.    

Hence, this thesis is structured in several chapters that include the work done through this 

entire project and the obtained results at each stage. 

After setting the context in chapter I, a brief description of the most common power impact 

tools and their working principle is given in chapter II; along with the explanation of the 

vibrations effects on health and the existing damping systems and technologies for their 

reduction. 

Then, the Dynamic Eliminator of Vibrations is presented in chapter III, starting with a 

simple model based on Lagrange Equations. Additionally, the mechanics of this system are 

also explained in this section. Afterwards, in chapter IV, the description of the rotary 

hammer chosen for this work is given. Some measurements of its vibrations production are 

presented, as well as, two different approaches of the mathematical modelling of this 

device.  The first one is a kinetic model based on algebraic equations that describes the 

motion of the main components of this system. Then, a dynamic model is proposed based 

on differential equations with the objective of the further combination with the DEV 

equations developed in chapter III. 

 The implementation of the DEV to the rotary hammer is described in chapter V, being 

analyzed in one and two directions of motion. Finally, in chapter VI, a spring connection 

between the main body and the chisel, is added to approximate the model to the real 

complexity of the rotary hammer. This model is also analyzed with and without the 

implementation of the DEV. It is important to mention that theory, equations and graphical 

representation of models numerical solution in Matlab are combined throughout this work 

in an organized manner that helps the reader understand the aims of this project.  
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CHAPTER II – Power Tools 

2.1 Introduction 

As explained earlier, this work is going to be focused on the application of a Dynamic 

Eliminator of Vibrations on impact tools. Accordingly, this section starts with a brief 

description of this kind of tools and the medical issues that the exposure to these systems 

vibrations represent for the human body.  

2.2 Power tools and their vibrations production 

Tools are the means that allow man to do what he cannot do with his bare hands. A power 

tool is a device that is actuated by an external source or mechanism, such as internal 

combustion engines, electric motors, and compressed air; that allows the user to perform 

tasks that he cannot easily do by himself. In particular, the AC motor represented a 

breaking point for the evolution of power tools.  

Tools can be classified in portable or hand tools (such as rotary hammer, drills, impact 

wrench, etc.) and stationary power tools (e.g. bandsaw, lathe, disc sander, etc.). The main 

advantage of hand tools is their mobility, whereas stationary tools can provide more 

precision. A vast percentage of power tools transmit vibrations to the user through the 

hand-arm system, which could have repercussion on his health (Ideara, 2014). These effects 

will be discussed later.  

Sectors of higher incidence of the usage of this type of tools include construction, metal-

mechanical, woodworking, automotive, and agricultural.  For construction, there are 

different types of tools from hand devices to big machines powered by combustion engines. 

In this sector, pneumatic tools are also commonly used. The main tools used in construction 
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include jackhammer, rotary hammer drill, impact wrench, asphalt cutter, paving roller, 

compactor, etc.  

In the case of metal-mechanical area, there are stationary tools such as lathe, miter saw and 

mill for metal machining and portable ones like disc cutter, drill, and grinder. For 

woodworking, the most common power tools are polisher, disc saw, drill, and sander. For 

the automotive sector, impact wrenches represent a very useful tool for changing lug nuts 

and bolts. In agriculture, small combustion engines devices are used for the mechanization 

of the processes. Some examples are lawn mower, brush cutter and motor hoe, among 

others  (Ideara, 2014). 

A brief description of some of these tools is given in Table 1 along with its levels of 

continuous vibration (average acceleration of vibrations). 

Power tool Description Level of continuous 
vibrations [m/s2] 

Jackhammer 

 

Pneumatic hammer for breaking 
rocks, concrete and pavement. 
They produce high amplitude 

vibrations with low frequencies. 

20 - 30 

Jumping jack compactor 

 

Compacting machine for gravel 
powered by combustion engine 

that generate vibrations with 
mechanical transmission 

elements. 

10 - 20 

Miter saw 

 

Electrical disc saw for metal 
cutting that generate low 

amplitude vibrations associated to 
the rotational speed of the disc. 

2.5 - 5 
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Chainsaw 

 

Portable, mechanical saw 
powered by a combustion engine. 5 - 12 

Brush cutter 

 

Agricultural tool used to trim 
grass, weeds and small trees in 
areas not accessible by a lawn 
mower. Powered by electrical 
motor or combustion engine. 

2 - 23 

Grinder/disc saw 

 

Electrical hand tool for different 
usages such as cutting and 

grinding depending on the type of 
disc mounted. 

1 - 15 

Hammer drill 

 

Drill with hammering action that 
has two discs or gears that impact 
each other transmitting impacts to 

the drill bit.  

6 – 35 

Rotary hammer 

 

Powerful electric tool that pounds 
the drill bit in and out while 

rotating with a piston-crankshaft 
mechanism.  

5 – 24 

Table 1. Typical ranges of vibration for hand power tools (Ideara, 2014) 
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2.3 Impact tools and their working principles 

Particular attention is put to impact tools in this work. These tools include the impact 

wrench, the rotary hammer, the hammer drill, the jackhammer, among others. The working 

principle of each of these tools is described in this section, because of the special interest of 

this research on impacts and vibrations production, and the effects they can produce on 

human health.  

2.3.1 Impact wrench 

The impact wrench is a tool that provides a high amount of torque and allows bolts 

installation and removal at very high speeds. The torque application is not constant, but 

intermittent. Its working principle could be understood as a common wrench used to loosen 

a screw or bolt, being hit by a hammer and making it turn gradually. When the impact 

wrench is energized, an internal hammer strikes an anvil that is connected to a chuck 

mandrel and the socket on the operating end of the tool. This commonly happens 2 times 

per rotation. The hammer goes back and forth with a spring. This torque is transmitted to 

the chuck and that rotation energy is used for loosen or tighten a nut, screw or bolt. This 

mechanism allows the hammer to spin freely before and after impacting the anvil (Dahl, 

2016). Internal parts of an impact wrench and an example of its use can be seen in Figure 1 

and Figure 2, respectively.  

The hammering effect is the characteristic that distinguishes this tool from conventional 

drills, and allows the user to imprint a higher force than that generated with a common 

wrench or ratchet. Additionally, this effect also helps to remove rust on the nut or bolt that 

could make its extraction difficult. The power source of an impact gun can be electricity, 
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compressed air and even lithium batteries. These tools can provide torque from 100 to 700 

lb·ft (from 120 N·m to 850 N·m) depending on the model with a breakaway point that 

represents a security measure for applications that require excessive amount of torque; in 

this case the hammering mechanism will be disengaged for preventing tool damage (Dahl, 

2016). 

 
Figure 1. Impact wrench (Dahl, 2016) 

 
Figure 2. Impact wrench use (Dewalt, 

2018)

2.3.2 Jack hammer 

A Jackhammer is a powerful tool, pneumatically or electro-mechanically driven, used in 

construction sites for breaking rock or pavement. There also exists a larger version that is 

hydraulically powered. A jackhammer operates by moving an internal hammer up and 

down transmitting the impacts to the chisel, producing 25 to 30 impacts per second  

(Woodford, 2017).  

As it is explained in Figure 3, the pneumatic jackhammer working principle is based on the 

movement of a reciprocating valve that allows the sequential pass of compressed air in two 

different directions, making a piston to go up and down, striking the drill bit repeatedly into 

the ground.  The valve’s main function is to regulate the air command and send it on either 

one side or the other of the plunger or piston. Another basic component is the cylinder in 
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which the piston moves. This last component hits the head of the tool located at the lower 

end of the hammer which transmits the impact to the ground, breaking it. The source of 

power is an independent compressor, able to supply a volume of compressed air suitable to 

the tool (Woodford, 2017) 

The hydraulic version works with a (hydraulic) fluid instead of compressed air, at higher 

pressures. This device is usually larger and is mounted on an excavator for operation. 

Figure 4, shows an example of the use of a pneumatic jackhammer.  

 

Figure 3. Jackhammer working principle 
(Woodford, 2017) 

                

 

Figure 4. Jackhammer use (2017) 

2.3.3 Hammer drill 

A hammer drill is an electrical power tool used for hard surfaces drilling due to its 

hammering action. This action can be understood as hitting the back of the drill with a 

hammer. This mechanism allows it to break a surface more quickly and with less effort. Its 

hammering mechanism is based on 2 splined discs or gears that rotate while contacting 

each other. When this happens, the impacts and vibration waves are transmitted to the drill 
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bit and provide the hammering action (Yagid, 2009). This principle is illustrated in Figure 6 

along with an example of this tool shown in Figure 5. 

A hammer drill normally has two operation modes. The first mode is normal drilling and 

the second mode adds the hammering action to the former function. When enabling the 

hammer mode, a spring forces the two ratcheting disks together. When the hammer drill is 

working, one of the disks rotates against the other, which creates the impact waves that are 

sent to the drill bit. It is important to mention, that one disk stays steady during the work 

and the other one rotates attached to the main shaft (2009). 

 

Figure 5. Hammer drill (Bosch, 2018) 

                         

Figure 6. Hammer drill working principle 
(Family Handyman, 2018)

2.3.4 Rotary hammer 

Finally, a rotary hammer is a power tool used for harder works than the hammer drill. In 

this case, the hammering action is achieved by the motion of a reciprocating piston that 

compresses the air that is in front of it, provoking powerful impacts that are transmitted 

directly to the drill bit. This tool has also two operation modes, hammer-drilling and 

hammer-only without rotation. This tool helps the user to do the same jobs as a hammer 

drill or a common drill, but in less time, especially for drilling masonry (Griffin, 2018)  
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The piston goes back and forth in the cylinder at frequencies around 33 Hz. The 

reciprocating piston sets the ram in motion and the ram hits the striker. The shockwaves of 

the impacts travel from the striker to the chisel tip and provide the hammering action to the 

drilling. As it is seen on Figure 7, the piston is not in direct contact with the ram nor with 

the striker, because the energy of the impacts would be transmitted back to the motor, 

causing undesirable damage. It is important to mention that the shockwaves travel through 

the chisel at around 18 km/h, enough to shatter concrete (N.A., Family Handyman, 2018).  

 
Figure 7. Rotary hammer working principle (Discovery, 2010) 

As it would be described later in this manuscript, the experimental part of this section is 

based on a rotary hammer, for that reason explaining the working principle of this impact 

tool is important. The main characteristics of the specific model chosen for the experiments 

are described in section 4.2.1.  

 
Figure 8. Rotary hammer components 

(Family Handyman, 2018) 

 
Figure 9. Rotary hammer application 

(Family Handyman, 2018) 
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2.4 Vibrations effects on health  

Vibration is understood as any oscillatory movement of a body with respect to an 

equilibrium position that is transmitted through a medium. When vibrations are intense, 

they could have harmful effects on human’s health. The severity of the threat to health 

depends on the frequency of vibration, time of exposure, intensity of the phenomenon and 

its path into the human body (Hernández, 2012)  

It is important to mention that vibrations are determined by their amplitude and frequency. 

The amplitude of vibrations is usually measured with its acceleration (m/s2 or dB), whereas 

the frequency is measured in hertz (Hz).  The acceleration decibel is defined by: 

 (2.1) 

Where a0 is a reference acceleration equal to 10-6 m/s2 (ISO 1683).  

Vibrations can affect the human organism in two ways, local (specific area of the body, i.e. 

the hands of a worker using a rotary hammer) and global (the whole body, i.e. a worker 

using a truck). For that reason, there are norms that define orthogonal axes for the 

measurement of vibrations as shown in Figure 10 and Figure 11. These norms are UNE-EN 

ISO 5349-1 (2002) and UNE-EN ISO 2631-1 (2008) (Hernández, 2012). 

 
Figure 10. Coordinate system for measurement of complete-body vibrations (Majewski, 

2017) 
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Figure 11. Coordinate system for measurement of hand-arm vibrations (Majewski, 2017) 

Particularly, rotary and impact tools produce high levels of vibrations. Therefore, the 

constant use of this type of tools in sectors like industry, forestry and construction along 

with other activities where vibrations exposure is repetitively experienced, can cause 

medical issues like neck pain, headaches, dizziness, and other diseases (i.e. carpal tunnel 

syndrome and Raynaud phenomenon) (Castro, Palacios, García, & Moreno, 2014). 

The grade of affection to the human body produced by vibrations is determined by external 

and internal factors. The external factors depend on the oscillatory movement itself, i.e. 

frequency and amplitude of vibrations, point of application, direction, and working method. 

Tool characteristics such as weight, equilibrium and supports are also considered an 

external factor. Internal factors are those related to the user itself, i.e. its physique, weight, 

working posture, health conditions, etc. (Hernández, 2012).  

Vibrations produced by power tools and industrial equipment do not have a fixed 

frequency; they are a superposition of vibrations with different frequencies. As it was 

already mentioned the frequencies of interest for industrial safety vary from 1 to 1500 Hz. 

Within this range, there are different effects of vibrations produced at different frequencies.  

When the frequency is below 3 Hz, the human body moves as a rigid unit; at these 

frequencies the main adverse effect is dizziness. As the frequency of vibration increases the 

body parts tend to respond to the fluctuating forces in different ways. When the frequency 
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goes from 4 to 12 Hz, abdominal parts and shoulders start to vibrate amplifying the body’s 

response to vibration. When the frequency reaches 20 Hz, the skull begins to vibrate 

affecting visibility. After going higher than 60 Hz, the eyeballs tend to resonate with the 

vibrating forces. The frequency of the power tools such as sanders, chainsaws and impact 

tools varies from 20 to 1000 Hz (Ideara, 2014). The mentioned effects can be understood as 

short term ones because they are an immediate response to the presence of vibrations and 

they disappear gradually when the source of vibrations is removed.  

However, there are long term effects that are produced by the continuous usage of devices 

that transmit high levels of vibrations to the body, mainly through the hand-arm system; 

resulting in muscular, osteoarticular, neurological and vascular disorders (Hernández, 

2012). The muscular disorders are those injuries that affect muscles, joints and tendons. 

These are associated with pain and discomfort, in addition to soreness and strength loss. 

Moreover, loss of mobility can also be a consequence. Also, tendinitis or Dupuytren 

contracture can occur. The Dupuytren contracture affects the palm connecting tissues that 

produce the retraction of one finger, commonly the fourth or fifth one (Hernández, 2012). 

Also, the long term exposure to complete body vibrations can affect the spinal column of 

the worker, causing a degenerative alteration of the vertebrae and intervertebral discs 

(Castro, Palacios, García, & Moreno, 2014). 

Moreover, the osteoarticular disorders affect elbow articulation, shoulder, wrist and carpal 

bones. On the one hand, elbow arthrosis produced by the use of percussion tools is 

characterized by an intense pain suffered in the elbow area, that does not allow the worker 

to continue on duty for several weeks. On the other hand, Kienböck’s disease is related to 

the carpal bones, associated with pain and loss of mobility and gripping strength. Disorders 

with osteoarticular origin are irreversible (Ideara, 2014). 
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The neurological disorders produced by vibratory tools include the loss of sensibility and 

numbness of hands and fingers. This could result in the worker’s loss of ability to perform 

precision tasks. In the vascular category, particular attention is put to the Vibration-induced 

white finger syndrome (VWF), or Raynaud's phenomenon; caused by the continuous 

exposure of the hand-arm system to intense vibrations. 

Raynaud’s syndrome main characteristic is the intermittent whitening of one or more 

fingers produced by the affectation to the hand nerves and joints. Specifically, it affects the 

blood flow (vascular effect) and causes loss of touch sensation (neurological effect) in 

fingers (Ideara, 2014). 

 
Figure 12. White finger syndrome (Ideara, 2014) 

          
Figure 13. WFS effects (2014)   

In addition to that, there are other general disorders that not only affect the hand-arm 

system. In these cases, vibrations are transmitted from hands to other parts of the body 

depending on the type of vibration, its frequency and mainly the posture of the person. The 

most common ailments of this kind are lumbar pain and hearing impairment. Lumbar pain 

can be caused by degenerative changes like displacement of lumbar discs. “With regarding 

to hearing, the human threshold can be displaced from 3 to 8 kHz if the weighted 
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acceleration exceeds an effective value of 1.2 m/s2 with simultaneous exposure to noise, at 

a level equivalent to 80 dBA” (Ideara, 2014, p. 49). 

2.5 Damping systems for impact tools 

After the description of the health risks that the use of impact tools can produce, it is 

important to mention the different kinds of damping systems that have been developed by 

leading companies of this sector. Companies like Makita, Bosch and Dewalt have designed 

their own mechanisms that absorb, reduce or dissipate the vibrations produced by power 

tools in order to prevent user’s health disorders. Some of these systems and their working 

principles will be described in this section.  

2.5.1 Makita Antivibration Technology 

Makita, the Japanese manufacturer of power tools, has developed an antivibrations system 

known as AVT. This technology is based on 3 different vibrations damping mechanisms 

which are the Active-Dynamic Vibration Absorber, a vibration absorbing housing and a 

damper spring; all of them illustrated in Figure 14.  

 
Figure 14. Makita AVT (Makita UK, 2018) 

 

Damper spring 

Active-Dynamic 
Vibration 

Vibration 
absorbing 
grip 
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Makita’s Active-Dynamic Vibration absorber counteracts the shake produced by the piston 

and the striker.  The movement of these components shifts air pressure between crank room 

and barrel room, which helps to push two counterweights towards the opposite side, 

cancelling out vibration (Makita UK, 2018). This mechanism is illustrated in Figure 15.  

 

 
Figure 15. Active-Dynamic Vibration absorber (2018) 

Vibration is also absorbed by the housing due to a complete separation of the main and side 

handles from the transmission section. Springs are added to the main handle for more 

effective vibration absorption.  Besides that, the damper spring, which is represented in 

Figure 16, provides additional support for attenuating vibrations. Its working principle is 

based on providing a reaction force against the striking energy coming from the tip of the 

bit. 

 
Figure 16. Damper spring mechanism (Makita, 2015) 
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2.5.2 Dewalt Antivibration Technology 

Dewalt has two similar anti vibration systems in some of their tools. These include a 

floating grip and an active vibration control. The objective of the floating grip mechanism 

is to decouple the handle from the main unit. The handle is connected to a spring loaded on 

both ends, attached to a steel rod that is also connected to the unit. In this way, the complete 

handle is damped and horizontal longitudinal vibrations are reduced by 50% (Dewalt, 

2018). The floating handle mechanism is illustrated in the following figures (17, 18).  

 
Figure 17. Floating handle (Dewalt, 2018) 

 
Figure 18. Floating handle components 

(2018) 

The Active Vibration Control, seen in Figure 19 and Figure 20, is a system that is similar to 

the one of Makita. The spring loaded AVC mass balances the movement of the mechanism 

by translating in the opposite direction of vibrations, cancelling out the excitation force. 

This reduces vibration up to 30%. 

 
Figure 19. Dewalt Active Vibration 

Control (2018) 

 
 
 

 
Figure 20. Dewalt AVC components 

(2018) 
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CHAPTER III – Dynamic Eliminator of Vibrations 

3.1 Introduction 

In this chapter, the theory behind a Dynamic Eliminator of Vibrations is explained. Also, a 

DEV model with two rotary drums with free elements inside is proposed and described. 

Governing equations of the system are established and they are solved with Matlab for 

certain input parameters.   

3.2 Frahm’s undamped dynamic vibration absorber 

The DEV also called Dynamic Vibrations Absorber was first proposed by Hermann Frahm 

about a century ago. Frahm’s undamped dynamic vibration absorber demonstrates that the 

magnitude of a system’s response to an excitation can be reduced if an auxiliary mass, 

called vibration absorber, is attached to the main body and the natural frequency of this 

subsystem is equal or very similar to the frequency of excitation  (Majewski, 2017)  

In words of Jens T. Broch, a DEV is defined as that of “attaching to a vibrating structure a 

resonance system which counteracts the original vibrations. Ideally, such a system would 

completely eliminate the vibrations of a structure, in account of its own vibrations” (1972). 

Thus, the main mass and the absorber, seen in Figure 21, constitute a two-degree-of-

freedom system with two natural frequencies.  There are two main parameters that can be 

selected in the design of a DEV for tuning the performance of the absorber: mass and 

stiffness. M and k are selected with the purpose of making the natural frequency of the 

subsystem equal to the excitation frequency, that is to say:  (Rao, 2011).  

This principle is commonly used for machinery that operates at constant speed or for 

systems with a major frequency component because the DEV is tuned to a particular 
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frequency and it can only effectively work over a narrow range of frequencies. Examples of 

applications are reciprocating tools and constant-speed internal combustion engines. Also 

this type of vibration absorbers are found in high-voltage transmission lines in form of 

dumbbell-shaped devices that mitigate wind-induced vibrations (Rao, 2011). 

 
Figure 21. Undamped Dynamic Vibration Absorber (Rao, 2011) 

 

3.3 Proposed Dynamic Eliminator of Vibrations 

In this work, the proposed model for a DEV consists of two rotary drums with 2 free 

elements inside each of them. The free elements can either be rollers or spheres. The 

working principle of this model is based on the capability of the spheres to reorganize 

themselves inside the drums in such a way to generate a resultant centrifugal force that 

counterbalances the vibration forces transmitted through the main body (Majewski, 1987). 

Hence, the forces acting on this body are cancelled out and the vibrations dissipate. This is 

possible if the difference between the frequency of vibration of the main body and the 

angular velocity of the drums is not too big, making the free elements to rotate in unison 

with the vibrations of the base. This model is illustrated in Figure 22. 
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Figure 22. Proposed DEV 

Where, 
R, is the radius of the drum 
r, is the radius of the sphere 
k, is the stiffness of the spring 
c, is the damping coefficient of the system 

, is the frequency of excitation equal to the rotary speed of the drums 
, is the phase angle of i-th free element with respect to the vertical axis 
, is the relative angular velocity of the i-th free element with respect to the drum 

, is the velocity of the main body in vertical direction
, is the external excitation of the system 

 
As it can be seen in this initial model, the displacement of the main body is only allowed in 

the vertical direction, named as “x”.  

The model is solved using Lagrange equations; for this purpose, the resultant velocity of 

the free bodies is needed and it is found using its x and y components.  

 

 

y 
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Kinetic and potential energy are used as defined by Lagrange: 

 (3.1) 

Where, 
, represents the generalized coordinates  
, represents the generalized velocities 
, is the kinetic energy of the system 
, is the potential energy of the system 
, represents generalized non-conservative forces 

Kinetic energy:  

 (3.2) 

Where, 
, is the mass of the main body. 
, is the mass of the spheres. 

 , is the mass moment of inertia of the spheres. 

Potential energy due to the spring: 

 (3.3) 

Non-conservative forces due to damping are obtained from virtual work equation (

): 

 

Where cr, is the coefficient of viscous resistance for the free elements. 

Therefore, 

 (3.4) 
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 (3.5) 

The derivatives of the kinetic and potential energy are obtained and the results are 

substituted in the Lagrange equation: 

 

 

 
(3.6) 

Where , is the number of free elements. 

 (3.7) 

The system is then solved for  and .  is substituted with  

 

(3.8) 

 (3.9) 

Where , is the equivalent mass of the 

system. 

A change of variable is done, where the term  is substituted by the dimensionless time 

variable τ for simplicity of the equations. The expressions obtained are: 
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(3.10) 

 (3.11) 

The expression for centrifugal force can be used to determine the optimal mass of the free 

elements because with this reaction the excitation force is cancelled out. 

 

 (3.12) 

Additionally, the natural frequency of the system is determined by: 

 (3.13) 

 

3.3.1 Matlab application 

The obtained system of equations for the model is solved using Matlab due to its 

complexity. Matlab function ode45 is used for this purpose. In order to utilize this function, 

the system needs to be transformed into a system of 1st order differential equations.  

First, the independent degrees of freedom are listed as follows for a DEV model of 4 free 

elements, two inside each drum: 
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Furthermore, the system of equations is defined as: 

 

 

 

 

 

 

 

 

 

 

As it can be seen, the terms referring to  are neglected in the solution of 

the system due to their small impact in the equations. The full Matlab code can be found in 

the Appendix A.  

Parameters are assigned to the constants of the system and the results are presented 

graphically with the help of Matlab.  
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� Experiment 3.1: 1 sphere per drum, same initial position for both spheres 

Parameters:  

n = 3 Degrees of Freedom, ω = 100 rad/s, M = 4 kg, m = 0.054 kg, R = 0.05 m, r = 0.01 

mm, c = 20 kg/s, cr=4 rad/s, k = 5000 N/m, z0 = 0.01 m 

With 2 spheres and external excitation defined as   

 

 

Initial conditions:  

 
Figure 23. Experiment 1 results (same initial position) 

The plots show that vibrations are damped from 7.2 mm of amplitude to 0.01 mm in 4 

seconds. Reduction is around 720 times compared to the initial amplitude. Actually, in this 
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case, two curves are plotted for and  but, as they start from the same position, they 

follow the same path towards the equilibrium position. 

The equilibrium positions found by the free elements are: 

Final position of free elements 
Left drum Right drum 

α2 3.5179 rad 
201.6° 

α1 3.5179 rad 
201.6° 

Table 2. Final position of free elements experiment 1 

 

 
Figure 24. Experiment 1 equilibrium position 

 
� Experiment 3.2: 1 sphere per drum, different initial position for both spheres 

If the initial position of the balls is not the same , the system 

is still balanced; however, it is more difficult for the free elements to achieve the same final 

position which could make their location to be slightly asymmetric.  
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Figure 25. Experiment 2 results (different initial position) 

The plots show that vibrations are damped from 3.1 mm of amplitude to 0.01 mm in 4 

seconds. Reduction is around 300 times of initial amplitude of vibration.  

The final positions of the free elements are: 

Final position of free elements 
Left drum Right drum 

α2 -2.881 rad 
-165.07° 

α1 3.6404 rad 
208.6° 

Table 3. Final positions of free elements experiment 2 

. 

. 
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Figure 26. Experiment 2 equilibrium position 

 

� Experiment 3.3: 1 sphere per drum, same initial position,  

It is important to mention that the Dynamic Eliminator of Vibrations only works effectively 

for frequencies that are over the natural frequency of the system. If the excitation frequency 

is smaller than the natural frequency of the system, the free elements of the DEV enlarge 

the vibrations amplitude instead of attenuating them.  

An example of this phenomenon is showed in Figure 27, where the excitation frequency 

and angular velocity of the drums (same value) are below the natural frequency of the 

system and very close to resonance.   

 

 

Frequency of excitation  
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Figure 27. Experiment 3 results  

� Experiment 3.4: 2 spheres per drum, same initial position 

With 4 spheres and external excitation defined as , vibrations are damped 

as it is seen on Figure 28. 

Parameters:  

n = 5 DOF, ω = 100 rad/s, M = 4 kg, m = 0.03 kg, R = 0.05 m, r = 0.006 mm, c = 20 kg/s, 

cr=4 rad/s, k = 5000 N/m, z0 = 0.01 m 

 

With 2 spheres and external excitation defined as   

. 

. 
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Figure 28. 4 spheres - DEV results 

α1 and α3 are plotted in black and α2 and α4 in red. Final position of free elements is 

registered to confirm that an equilibrium position for damping vibrations in vertical 

direction is found. 

 

Final position of free elements 
Left drum Right drum 

α3 3.0736 rad 
176.104° 

α1 3.0736 rad 
176.104° 

α4 3.9727 rad 
227.619° 

α2 3.9727 rad 
227.619° 

Table 4. Final positions of free elements experiment 4 
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Figure 29. Experiment 4 equilibrium position 

Amplitude of vibration is reduced from 6.6 mm to 0.001 mm. Reduction is more than 3000 
times compared to the initial condition. This can be observed in  

Figure 30, where a zoom of the final part of Figure 28 (x vs τ) is presented.  

 
Figure 30. Vibrations amplitude reduction for 4-element DEV 

If mass used is exactly 0.027 kg. The free elements position overlays because they try to 

balance the system in the same way it was done with just 2 elements.  

 
Figure 31. Ideal results - 4 elements 
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Figure 32. Ideal equilibrium position - 4 elements 

3.4 How this DEV works? - Inertial Force 

The diagrams and plots presented show how the free elements inside the drums eliminate 

the object vibrations. Their final positions are opposite to the excitation of the system and 

this allows them to counteract the produced vibrations.  

This phenomenon happens as a result of the inertial force. Due to the action of this force, 

the free elements move synchronically with the excitation and at some point they found the 

equilibrium positions where the system stabilizes and the object stops vibrating. Therefore, 

the working principle of this model of Dynamic Eliminator of Vibrations is based on the 

existence and action of this inertial force.  

The action of the inertial force and its impact in the equilibrium position of the free 

elements can be better explained with the following equations. This model is only 

developed in the vertical direction, just as illustrative principle of the DEV.   

The governing equation for the main body in the system presented in Figure 22 has a 

general shape of: 
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 (3.14) 

Where , is the excitation force.  

As F0 and the centrifugal force are harmonic, the system’s response will also be harmonic. 

Therefore, vibrations can be defined as: 

 (3.15) 

 (3.16) 

 (3.17) 

Besides that, as the inertial force is given by the free elements. The equation that describes 

the force produced by the free elements is:  

 (3.18) 

Where, the viscous damping force is not considered in this case. 

Then, knowing the expression for vibrations and the previous equation, inertial force can be 

determined as the average value of the elements force: 

 (3.19) 

Where, T is the period of vibration.  

Substituting the expression for : 

 



47 
 

With the identity , the system is simplified for its 

solution.  

 

 

Both terms that have  integrated over a period (0�T) will give 0 as a result 

of the integral. Then, the previous expression is reduced to: 

 

As the change of  over time is too small, this term can be assumed as constant. Therefore, 

the equation is re-arranged as: 

 

Final expression of the inertial force evaluated in the vertical direction is: 

 (3.20) 

If there is a system with just one free element and one rotary drum: 
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1 sphere  and j only goes from 1 to 1. Therefore, . The previous equation can 

be expressed as: 

 (3.21) 

Also, as there is only one sphere, the amplitude of its response  must be equal to the 

amplitude of excitation  in order to damp vibrations ( .  

 (3.22) 

With the phase angle  being defined as: 

 

 (3.23) 

Where,  depend on the system configuration and refer to the damping 

coefficients and the stiffness of the springs respectively. M represents the mass of the main 

body and ω the frequency of excitation.  

These equations are input to Matlab and graphic solution is obtained.  

3.4.1 Inertial force solution with Matlab  

For easier computation of inertial force, the expression (3.22) is defined as: 

 (3.24) 

 

Equations are coded in Matlab and the following parameters are assigned to the system: 

M=4.175 kg, c1=10 kg/s, c2=10 kg/s, k1=10000 N/m, k2=10000 N/m and ω=100 rad/s.  
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Figure 33. Inertial Force as function of α 

The curve crosses the horizontal axes in two positions between 0 and 2π, in these two 

points the inertial force is 0, meaning the body is in equilibrium and vibrations are 

absorbed. However, one of these positions represents true equilibrium, whereas the other 

one is not a stable position for the free element.  

On the one hand, for one free element in the system, the true equilibrium position is the one 

found at π. This is determined because whenever the free element tries to move towards an 

increase in the angle α, the inertial force becomes negative and pushes the element back. 

Moreover, when the sphere tries to move towards a decrease in angle α from this position, 

the inertial force becomes positive, returning the free element to the equilibrium position. 

The free element oscillates in this way around this point, until inertial force is zero and 

vibrations of the main body do not exist.  
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On the other hand, if the free element is located at the position close to α=0, when it moves 

towards an increase in alpha, the inertial force becomes positive and helps the sphere to 

escape from this position. Same applies when the sphere moves towards negative alpha and 

the inertial force helps it to move away.  

Hence, this section explains how the free elements inside the drums are able to find and 

stay in an equilibrium position, in which they are able to counteract the excitation forces 

and eliminate vibrations.  

Moreover, this kind of Dynamic Eliminator of Vibrations is modelled as part of a rotary 

hammer system in order to determine the feasibility of implementation to this impact tool. 

First, the rotary hammer working principle is modelled in sections 4.3 and 4.4 of this 

document and then in chapter 5 models are brought up together 
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CHAPTER IV – Rotary Hammer experiments and modelling 

4.1 Introduction 

An impact tool was chosen with the intention to develop a mathematical model of the 

Dynamic Eliminator of Vibrations based on real data of the vibrations produced by this 

device. Hence, with the use of a real device and the experimental measurement of 

vibrations amplitude and frequency, the results and damping capability of the EDV could 

be determined accurately.  

4.2 Experimental Set-up 

The experiments and models developed in this work were based on the Makita Rotary 

Hammer HR2511. This tool’s characteristics are provided in the following section along 

with a more detailed description of its design and its working principle. For developing the 

mathematical model of the EDV, it is also important to determine how impacts are 

produced by this tool.    

4.2.1 Makita Rotary Hammer HR2511 

The Makita HR2511 is a rotary hammer featuring a 2 mode function to fulfill different 

drilling applications. As any other rotary hammer it has a drilling function with pounding 

action and a “hammering-only” one. This device, shown in Figure 34, has a net weight of 

4.25 kg and an overall length of 370 mm. It has the capacity of drilling wood, steel and 

concrete; being this last one its main application.  
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Figure 34. Makita HR2511 

 
Figure 35. HR2511 inside view 

The tool was disassembled with the purpose of a better understanding of the mechanisms 

that allow it to function in two ways. In Figure 34, there is a switch (1) on the top of the 

device that enables these two functions by coupling a set of bevel gears (2 - Figure 35) that 

provokes the rotation of the drill bit. Otherwise, if the link between them is broken, the 

bevel gear starts to rotate freely, enabling the hammering-only function.  

The top part of the rotary hammer is shown on Figure 36. The device has a helical gear (3) 

that is connected to the piston-crankshaft mechanism making it work. This mechanism is 

the one that produces the tool’s pounding action. Also, a hole is seen with the crown gear 

(2.1) that allows the rotation of the drill bit when engaged. On the bottom part of the gear 

box, seen in Figure 37 and Figure 38, there are several other components. First, there is a 

shaft (4) that is directly driven by the motor. This shaft is also in contact with the helical 

gear (3) connected to the piston, which has the support of a bearing (5). The piston gear is 

also connected to another helical gear (6), the biggest one in Figure 38, which rotates along 

with the pinion (2.2) that enables the drill bit rotating action.  

 

1 2 

3 
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Figure 36. Top section of gearbox 

 
Figure 37. Bottom section of gearbox

 
Figure 38. Components description 

Inside the hammer cylinder, there is an air chamber with a striker inside. For the 

hammering-only mode, this striker is not directly hit by the piston but moved by the air 

compression in the chamber. After air is compressed the striker hits the chisel. The 

shockwaves of each impact travel from the striker to the tip of the chisel.  Piston and striker 

can be observed in Figure 39 and Figure 41, respectively.  

 
Figure 39. Piston (front 

view) 

 
Figure 40. Piston (top view) 

 
Figure 41. Striker 
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In figures 42-44, components can be better appreciated with more detailed pictures and a 

cross section of a similar device (in this case the bevel gear (6) is in direct contact with the 

motor shaft (4), contrary to what it was described before).    

 
Figure 42. Transmission gear box 

 
Figure 43. Tranmission gear box 

 

 
Figure 44. Makita's rotary hammer cross section 

In the Table 5, the main parameters of the rotary hammer are presented. A detailed parts 

diagram of this rotary hammer is shown in the Appendix section of this document.  

 
Makita Rotary hammer 

Voltage 120 v 
Frequency 60 Hz 

Power 1.3 HP or 850 W 
Engine RPM 800-900 rpm 

Blows per minute 3000-3200 
Table 5. Rotary hammer main parameters 

Striker 

6 

3 

4  2.1 2.2 

Piston 
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The main dimensions needed for describing and modelling the rotary hammer were 

measured and the obtained values are summarized in Table 6. 

 
Rotary hammer external dimensions/parameters 

Length with chisel [mm] 575 Mass with chisel [kg] 4.50 
Length without chisel [mm] 370  Mass without chisel [kg] 4.25 

Hammer height [mm] 235 Chisel length (uninstalled) [mm] 250 
Hammer case width [mm] 91.5 Base diameter [mm] 80 

Rotary hammer internal dimensions/parameters 
Piston diameter [mm] 22 Striker mass [kg] 0.075 
Piston height [mm] 27.5 Max piston displacement [mm] 20 

Striker diameter [mm] 22 Max striker displacement [mm] 85 
Striker height [mm] 30 Max chisel displacement [mm] 17.5 

Table 6. Makita rotary hammer dimensions 

4.2.2 Equipment for measuring vibrations 

Some experiments were carried out with the objective of analyzing the vibrations produced 

by the rotary hammer while impacting different materials such as concrete and asphalt. 

Also, vibrations were measured in free state, that is to say, rotary hammer was actioned 

without hitting any surface. With these experiments, a better understanding of the hammer 

vibration modes was acquired.  

Vibrations were only measured in one direction. For all the tests, the chisel was pointing 

down and the vibrations were analyzed in the vertical direction. This was done because this 

is the main axis in which the rotary hammer and its internal components translate.  

Special equipment was used for performing the experiments. The main devices needed for 

these tests were an accelerometer, a signal amplifier, and a dynamic signal analyzer. First, 

the Brüel & Kjaer “4507B” accelerometer is attached to the rotary hammer case in the 

proper position to sense vibrations in the desired direction.  This accelerometer was then 

connected to Brüel and Kjaer “Nexus” conditioning amplifier that enlarges the signals 

detected by the accelerometer. Then, the output of the amplifier works as input of the Data 
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Physics “Quatro” dynamic signal analyzer that processes the analogue signals emitted by 

the amplifier and converts them into digital signals that the computer can read. Finally, 

vibrations can be analyzed in the “SignalCalc 240” software easily, where parameters like 

acceleration and frequency can be represented graphically. This process is illustrated in 

Figure 45 and the input parameters used for measuring vibrations in the SignalCalc 240 

software are shown in Figure 46. 

             
 

                                     
Figure 45. Vibrations measuring equipment layout 

 

 
Figure 46. Software parameters for sensing vibrations 
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Three experiments were carried out in order to be able to understand and analyze the 

vibrations produced by the impact tool chosen.   

4.2.3 Makita rotary hammer experiments 

� Experiment 1. Without impact 

The first experiment was performed without contact with other surfaces. The rotary 

hammer was actioned for a few seconds and the vibrations produced by the movement of 

its internal components were registered. The obtained results are shown in Figure 47 and 

Figure 48. 

 

 
Figure 47. Rotary hammer vibrations without impacts 

 

 
Figure 48. Frequencies of vibration (without impacts) 

In the previous experiments, three main frequencies are identified.  

� F1 = 72.66 Hz 

� F2 = 145.3 Hz 

� F3 = 315.6 Hz 
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It is evident that the first two frequencies are harmonic ones, as F2 is two times F1. 

However, F3 represents a peak for another mode of vibration.  

Next, two impact tests were done as it is shown in Figure 50. The first test was done against 

an asphalt cylinder and the second one with a concrete sample (Rc=250 kg/cm2). Both test 

samples were created in the universities pavements laboratory and are presented in Figure 

49.    

 
Figure 49. Test samples 

 
Figure 50. Tests on asphalt (left) and concrete (right) 
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� Experiment 2: Impacts on asphalt 
 

 
Figure 51. Hammer vibrations during impact with asphalt 

 
Figure 52. Frequencies of vibration for test on asphalt 

Vibrations are found to be harmonic. The times at which the peaks of amplitude (volts) 

appear on Figure 51 are used for calculating the period and frequency of vibration as it is 

shown in Table 7. This results on a frequency of vibration of 57.15 Hz. Which is almost the 

same value found for the first peak in the frequencies plot (Figure 52). The following peaks 

just represent the second harmonic, the third one and so on. 

Time [ms] Period T 
[ms] 

75.31 17.19 
92.5 17.80 
110.3 17.50 
127.8 17.50 
145.3 - 

Avg Period T [ms] 17.497 
Frequency 1/T [Hz] 57.15 

Table 7. Period of vibration for impacts on asphalt 
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� Experiment 3: Impacts on concrete 
 

 
Figure 53. Hammer vibrations during impact with concrete 

 
Figure 54. Frequencies of vibration for test on concrete 

The results obtained in the experiments performed on concrete are very similar to the ones 

obtained with asphalt. In both cases, vibrations reach amplitudes of more than one volt. The 

frequency of the first harmonic is 57.8 Hz (Figure 54), almost the same one as in the 

previous test.  

However, acceleration of vibration cannot be obtained straight forward from the software, 

further interpretation is required. For this purpose, a calibration exciter is needed to convert 

the volts obtained as vibrations to acceleration in m/s2. The calibration exciter used is the 

Type 4294 also from Brüel & Kjaer.  This device is an electromagnetic exciter with an 

internal built in piezoelectric accelerometer for servo regulation of amplitude. The exciter 

can be seen in Figure 55. 

100m 150m 200
-1.0 

-800m
-600m
-400m
-200m

0
200m
400m
600m
800m

sec

R
ea

l, 
V

X1

X1
 X: 83.44m
 Y: -1.067 

0 200 400 600 800 1.0k
-120 

-100 

-80 

-60 

-40 

-20 

0

Hz

dB
M

ag
, V

G1, 1
 X: 57.81 
 Y: -25.91 



61 
 

 
Figure 55. Brüel & Kjaer calibration exciter 

The calibrator vibrates at a known frequency (f=159.15 Hz ± 0.02%) and an acceleration of 

10 m/s2. With these values, the calibrator is turned on and vibrations are measured with the 

same equipment used for the tests. Voltage and frequencies of vibration are obtained and 

from this a constant is calculated to determine the acceleration and amplitude of vibration 

of the values registered in the tests.  

 
Figure 56. Vibrations produced by calibration exciter 

 
Figure 57. Frequencies of vibration of calibration exciter 

 The results obtained in the calibration are: z, , and 

 

With these values a conversion constant is calculated: 
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Then, with this constant, the maximum acceleration of vibrations for tests in asphalt and 

concrete can be determined. Voltage obtained for both concrete and asphalt is very similar 

so a common value is used.  

 

The frequency of the first harmonic can be used to compute the amplitude of these peaks of 

vibration in millimetres.  

 

 

This value represents the magnitude in millimeters of the maximum peak of vibration as a 

result of the superposition of all the frequencies involved in the production of the hammer 

impacts.  

Though, the amplitude of just the first mode of vibration can be determined with the 

decibels and the frequency of the first harmonic.  

 Calibration Exciter Rotary hammer (Impacts on 
concrete 

 159 Hz 57.8 Hz 

dB -34.2 -25.91 

Table 8. Frequency of the 1st harmonic for exciter and hammer 

Using equation (2.1) acceleration of the first harmonic can be found in the following way: 

 (4.1) 

 (4.2) 

Expression (4.2) is subtracted from expression (4.1) and the next equation is obtained 
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It is important to mention that, for the development of these expressions, the vibrations of 

the exciter are assumed to be harmonic, neglecting the secondary peaks found in the 

frequency spectre shown in Figure 57. 

The result of the calculation can be verified with the values for continuous vibration levels 

for a rotary hammer presented in Table 1, were typical range varies from 5  to 24 m/s2. 

The obtained frequencies can be applied in the mathematical models developed and the 

possibility of damping the first modes of vibration can be determined. Also, a comparison 

can be made between the amplitudes of vibration measured and the values obtained in the 

models. 

4.3 Modelling of rotary hammer – Kinetic model with algebraic equations 

The rotary hammer working principle was modeled in two ways. A first model was 

proposed based on rigid body kinetics theory. There are two main elements that constitute 

this model, the piston and the striker. This model tries to imitate the motion of this tool. 

The piston goes back and forth as part of a crank-rod mechanism with a sinusoidal motion. 

While doing it, the piston hits the striker which translates towards the chisel. In this case, 

the chisel is assumed to be static due to the minimum displacement it experiences and the 

way the shockwaves travel through it. Figure 58 helps to visualize the proposed model.  



64 
 

 
Figure 58. Rotary hammer modelling 

Where, 

1, corresponds to the piston 

2, corresponds to the striker 

3, corresponds to the chisel (assumed as static) 

x, is the position of the striker along horizontal axis 

z, is the position of the piston 

e, is the maximum displacement of the striker 

The governing equations developed for describing the behavior of these elements are 

presented as follows. 

The motion of the piston is: 

 (4.3) 

Where ω, is the angular velocity of the piston and  is the amplitude of its movement. 

The time for first impact (t1) - Piston vs Striker reads: 

  

 (4.4) 

Where x0, is the position of the striker. 

The velocity of piston after first impact (vz1) is: 

 (4.5) 

 

1 2 

3 
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The velocity of striker after first impact (v1) is: 

  

 (4.6) 

Where k1, is the restitution coefficient for the impact between piston and striker and  is 

the initial velocity of the striker.  

The position and time for second impact (t2), striker vs chisel (using equation for position 

between 1st and 2nd impact) are given by: 

  

 (4.7) 

 

 (4.8) 

The velocity of striker after impact with chisel ( ) is obtained as: 

  

 (4.9) 

Where k2, is the restitution coefficient for the impact between striker and chisel.  

The position of striker after impact with chisel and before new impact with piston (x3) is: 

 (4.10) 

The position and time for third impact (t3) - Piston vs striker (again), are given by: 

 

 (4.11) 
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Finally, the velocity of striker after impact with piston is: 

 (4.12) 

 

In addition to these equations, a special case was found that needed further attention. This 

case is illustrated in Figure 59 and it happens when the piston (z) is coming back and the 

striker (x) is moving at higher velocity so they collide on their way back. Therefore, the 

striker bounces back but with less energy. Hence, if the striker is moving too slow, the 

piston could make a complete cycle and be able to hit the striker again.  

         
Figure 59. Striker (x) colliding with returning piston (z) 

This extra collision with the piston is the one considered in these equations. 

As time for impact in this special case (tsp) is unknown, it has to be determined before 

computing the velocity of the striker after this second impact, as follows: 

 

(4.13) 

 

The velocity of striker after being hit by piston twice is: 

 (4.14) 

The average forces exerted on each impact are computed by using the equation of 

Conservation of Linear Momentum.  
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 (4.15) 

Where, G1 and G2 are the linear momentum at time t1 and t2, respectively. Also, V1 and V0 

stand for the velocity of the body before and after impact, m is the mass of the body and ∆t 

represents the duration of the impact as a really short amount of time.  

It is important to mention that the maximum force is two times bigger than the average 

force. 

Matlab program was developed with these equations with the objective of obtaining a 

graphical representation of the behavior of the rotary hammer inner components.  

 

4.3.1 Matlab application 

Again, the equations shown in last section are programmed in Matlab with the purpose of 

being able to play with the different parameters that define the system and observe, in a 

graphic way, the obtained results.  Matlab code is programmed in different sections. 

Functions that describe the displacement and the velocity of the piston and the striker are 

defined first. Subsequently, they are called inside a cyclic structure for computing the 

parameters according to the number of impacts given by the simulation time defined.  

Input parameters for this program are: 

, striker initial position [mm] 
, initial velocity of striker [mm/s] 

, striker maximum displacement [mm] 
, amplitude of piston’s movement [mm] 
, restitution coefficient for impact between piston-striker [-] 
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, restitution coefficient for impact between striker and chisel [-] 
, angular velocity of the piston [rad/s] 
, simulation time [s] 
, mass of the striker [kg] 

, time delta of impact duration between piston and striker [s] 
, time delta of impact duration between striker and chisel [s] 

 

The following parameters apply for the 3 cases that are going to be presented in this 

section: x0 = 5 mm, v0 = 0 m/s, e = 85 mm, a=10 mm, tf = 3 s, m = 0.075 kg, dt1 = 0.003 s, 

dt2 =0.002 s. 

� Experiment 1:  ω = 70 rad/s, k1 = 0.7, k2 = 0.8 
 

 
Figure 60. Experiment 1 (kinetic model) 

In the first chart of Figure 60, the black line represents the motion of the striker; whereas 

the red sinusoidal curve represents the motion of the piston. Then, every time these lines 

touch each other, it means the piston has just hit the striker.  
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The velocity of the striker shown in chart 2 has a step-shape because its travelling direction 

changes suddenly after each impact. That is why the velocity is constant during fractions of 

a second and at a certain point, the striker hits either the chisel or the piston, bouncing away 

in the opposite direction to the one it had before the impact.  

In the case of the third chart of Figure 60, the average force is plotted with dots instead of a 

continuous curve. This happens because the force is only present at the instant at which the 

striker impacts another component, and it becomes zero whenever the striker is travelling 

towards the other body.  

� Experiment 2: ω = 100 rad/s, k1 = 0.7, k2 = 0.8 
 

  
Figure 61. Experiment 2 (kinetic model) 
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� Experiment 3: ω = 100 rad/s, k1 = 0.5, k2 = 0.6 
 

 
Figure 62. Experiment 3 (kinetic model) 

In these experiments the impact of the angular velocity of the piston and the restitution 

coefficient on the model is reviewed. From first to second experiment, the rotational speed 

of the piston increases from 70 rad/s to 100 rad/s. This increases the travel speed of the 

striker, as well as the average force produced at each impact. That is to say, the striker hits 

the chisel 8 times in 0.5 seconds with ω=100 rad/s, whereas for the speed of ω=70 rad/s the 

striker only hits the chisel in 6 occasions. Therefore, an increase in the angular velocity of 

the piston would mean an increase on the velocity at which the striker travels resulting in 

higher impact forces.   

In the third case, the coefficients of restitution k1 and k2 are both reduced in 0.2 [-]. This 

action means that the striker loses more energy on each impact than in the previous 

experiments. Under these parameters, the striker only hits the chisel 4 times during the first 

0.5 seconds. Additionally, there is a point (t=0.84 s) where the striker collides with the 
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piston on its way back. Therefore, the striker loses more energy than the usual and travels 

back to the chisel at a very low speed causing the phenomenon observed in  

Figure 62 (no striker-chisel collision for a long time) between the 0.84 s and the 2.53 s.  

 
4.4 Modelling of rotary hammer – Dynamic model with differential equations 

As it was already seen, the mathematical model from section 4.3 is based on algebraic 

equations and served as a preliminary model for the system. Nevertheless, in order to 

combine the model of a rotary hammer with the one of the Dynamic Eliminator of 

Vibrations, both systems need to be based on the same type of equations, in this case, 

differential equations.   

For that reason, Newton’s Second Law is applied for the analysis of the rotary hammer 

system. The first challenge encountered was to model the contacts piston-striker and 

striker-chisel. In the real rotary hammer system, the piston and the striker are never in 

contact. That is to say, the striker moves as a reaction of the air compression that piston 

exerts on it. On the other hand, the striker actually hits the chisel, but they are in contact for 

fractions of a second. Therefore, modelling of the link between these bodies was not 

straight forward.  

In order to be able to develop differential equations using Newton’s Second Law, both 

interactions between the bodies were modelled as springs with two special characteristics. 

The first characteristic is a really high stiffness for the springs. This idea is based on the 

principle that a very stiff spring could represent an impact with a solid surface. The second 

characteristic refers to the action of making the spring forces zero whenever two bodies are 

not in contact. Additionally, damping is added between each body to take into 

consideration the energy loss after each impact. This approach is illustrated in Figure 63.  
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Figure 63. Rotary hammer model 

 

Where,  

, hammer initial displacement  

, stiffness of the hand-arm system 

, stiffness of spring that represents air contact between piston and striker 

, stiffness of spring that represents direct contact between striker and chisel 

, stiffness of spring that represents direct contact between chisel and the floor 

, damping coefficient for hand-arm system 

, damping coefficient between piston and striker 

, damping coefficient between striker and chisel  

, damping coefficient between chisel and floor 

, displacement of the main body or hammer case in vertical direction 

, equation for movement of the piston  

1 - rotary 
hammer case 

1.1 - piston 

2 - striker 

3 - chisel 

F4 

F2 S2 

F3 S3 

S4 

S1 F1 
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, displacement of the striker in vertical direction 

, displacement of the chisel in vertical direction  

, angular velocity of the piston crankshaft mechanism 

 
The forces interacting in the system are defined in this way: 

 

 

 

 

 

The governing equations for this system are obtained following Newton’s Second Law: 

 

 (4.16) 

 
(4.17) 

 
(4.18) 

Just using springs to represent the impact between components would mean that they are 

always in contact. For that reason, an extra condition is added to the formulation of 

, the forces that represent the impacts between piston-striker, striker-chisel and 

chisel-surface, respectively. This formulation specifies that if the resultant force of these 

springs is negative, the force will be automatically equal to 0.  This only happens when  

is smaller than 0.  

 

 

 

 

 

Springs 
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It is important to mention that  is considered as the displacement of the upper body 

minus the one of the lower body (see Figure 63), i.e. for the contact striker-chisel, 

. Hence, if  , means that  and that the striker and chisel are being 

displaced away from each other, avoiding any interaction.  

 

4.4.1 Matlab application 

This system is also modelled in Matlab to observe the behaviour of all the internal elements 

of the hammer, as well as the produced forces.  

The independent degrees of freedom identified in Figure 63 are listed below for 

constituting the differential equations system for Matlab solution with function ode45.  

 

Furthermore, the system of equations is defined as: 

 

 

 

 

 

 

Input parameters are given to the system and the results are plotted as in previous 

applications.  
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For the first experiment, masses of the bodies are assigned as: m1 = 4.175, m2 = 0.075 m3 = 

0.025 [kg]. Stiffness of each of the springs is: k1 = 10000, k2 = 10000, k3 = 100000, k4 = 

200000 [N/m]. Damping coefficients are: c1 = 20, c2 = 5, c3 = 5, c4 = 2, [kg/s]. Other 

parameters are defined as: z0 = 0.01 [m], ω = 100 [rad/s], e0 = 0.02 [m]. 

 

 
Figure 64. Experiment 1 results (dynamic model) 

 
Figure 65. Amplitude of vibration of hammer case 

Amplitude of vibration registered for 100 rad/s with the selected stiffness and damping 

coefficients, is around 3.4 mm once the movement of the components is periodic. It is seen 

in Figure 64, that vibrations and forces become periodic after 0.75 seconds. 
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Figure 66. Impacts between chisel and floor 

Additionally, from the vibrations graph plotted for the chisel ( ), the impacts production 

phenomenon can be observed, presenting a periodic behavior every 0.125 seconds. Also, 

when the plotted line crosses the x=0 axis, it can be understood as the chisel penetration 

into the material.  

� Experiment 2: ω = 80 rad/s 

 
Figure 67. Experiment 2 results (dynamic model) 

When the angular velocity of the piston is reduced from 100 to 80 rad/s, the amplitude of 

vibration of the main body increases to 7 mm. With this, the impact force between chisel 
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and floor also increases almost reaching 500 N. This phenomenon is opposite to what it 

was observed in the kinetics model. This happens because in the first model, the increase in 

angular velocity also increases the linear velocity of the piston, resulting in a bigger impact 

force transmitted to the striker. In this case, springs are added to the system, therefore 

conditions change. The natural frequency of thes system is estimated as 

 Therefore, when the frequency of excitation of the piston decreases from 100 to 

80 rad/s it gets closer to the natural frequency, resulting in an increase of the amplitude of 

vibration and impact forces.  

In general, this model appears to be a good option to represent the behavior of the internal 

components of the rotary hammer and the way impacts and vibrations are transmitted 

between each of the bodies. In the next chapter, the feasibility of eliminating the produced 

vibrations by this impact tool is explored. 
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CHAPTER V - Implementation of the Dynamic Eliminator of Vibrations to 

the Rotary Hammer 

5.1 Introduction 

As result of this work, the Dynamic Eliminator of Vibrations model proposed is 

implemented on the mathematical model that describes the motion of the internal 

components of a rotary hammer. For this purpose, the DEV model used has 2 drums with 2 

free elements (spheres or rollers) inside of each one; along with the model for the device 

based on differential equations developed on the previous chapter. In this section, the 

possibility of damping vibrations for the chosen device is explored and the parameters 

under which this can be achieved are determined. Also, the complete system behavior is 

described.  

5.2 Mathematical modelling of rotary hammer with DEV analyzed in one direction 

(model with 2 drums and 4 spheres) 

The complete model for the rotary hammer with the implementation of Dynamic Eliminator 

of Vibrations can be observed in Figure 68. This system is first analyzed with vibrations in 

vertical direction, called x. In this direction there are 3 independent degrees of freedom 

corresponding to the motion of the main body or rotary hammer case (x1), the striker (x2), 

and the chisel (x3). Z defines the motion of the piston that is powered by a motor. This is the 

main excitation of the system.  Two drums are attached to the main body with 2 free 

elements on each one, 4 in total. These drums are also connected to the motor and rotate 

with the same angular velocity of the piston. Additionally, they rotate in opposite 

directions; the left drum in the front view rotates in counterclockwise direction whereas the 

right drum in clockwise direction.  
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As it was described in chapter 4, air compression phenomenon between piston and striker, 

and impacts for striker-chisel and chisel-floor contacts; are modelled with very high-

stiffness springs. Variable e0 represents the initial displacement of the system and refers to 

the force exerted on the rotary hammer handle towards the ground or contact surface, by the 

user. All the other variables are described on models presented in chapters 3 and 4.  

 
Figure 68. Rotary Hammer with DEV 
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Governing equations for this system obtained with Lagrange equations for the DEV 

section, equations (3.8), (3.9) and Newton’s 2nd law equations (4.16)-(4.18) for the rotary 

hammer components are brought up together and presented here: 

 (5.1) 

 (5.2) 

 (5.3) 

 (5.4) 

Where,  

And,  is the mass of the free elements 

The sign in the equations of  and  related to the vertical displacement of the free 

elements changes because the positive values are considered downwards for the 

independent coordinates x1, x2, x3.  

Again,  is substituted by variable  and term  is neglected due to its 

small magnitude and unimportant affection to the final result.  

 (5.5) 

 (5.6) 

 (5.7) 
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 (5.8) 

 

This system of equations is again solved with the help of Matlab. Thus, results and basis of 

Matlab code can be seen in the next section.  

5.2.1 Matlab application 

First, the independent degrees of freedom are listed as follows for a DEV model of 4 free 

elements, two inside each drum: 

 
 

 

 

Therefore, the system of equations is defined as:  
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Finally, the term  in the expressions of  is substituted by  

for its solution. Full Matlab code can be reviewed in appendix section of this document. 

The masses assigned to the model are the ones obtained from the Makita rotary hammer 

presented in chapter 3.  The stiffness of the springs and the damping coefficients elected in 

previous section are suitable for this model.  

The mass of hammer case including piston (m1) is 4.175 kg. The mass of the striker (m2) is 

0.075 kg, whereas the mass of the chisel (m3) is 0.25 kg. The angular velocity of the piston 

(excitation frequency) is 100 rad/s ≈ 950 rpm. The damping coefficients between each 

impact are c1 = 20 kg/s; c2 = 5 kg/s; c3 = 5 kg/s; c4 = 2 kg/s; cR = 2 rad/s. The stiffness of the 

hand-arm system is k1=10000 N/m. The stiffness of the springs that represent impacts are 

k2=10000 N/m; k3=100000 N/m; k4=200000 N/m. The radius of the drums is R=0.05 m. 

The amplitude of the piston translation is z0 = 0.01 [m], and the handle initial displacement 

is e0 = 0.02 [m]. 
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Due to the complexity of this new system, the mass of the spheres is determined from trial 

and error, by running the code several times until a proper value is found. A mass of 0.05 

kg allows the system to absorb the produced vibrations of . 

Then, with the density of the steel  the radius of the spheres is computed. 

 

Consequently, the system is solved with these parameters and the results are shown in 

Figure 69.  For this case, initial positions of the spheres were  = 2.8 rad;  = 3.2 

rad. 

 
Figure 69. Vibrations of the rotary hammer with 4-ball DEV 
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Figure 70. Forces in rotary hammer with 4-ball DEV 

Final position of free elements 
Left drum Right drum 

α3 2.6703 rad 
153° 

α1 2.6703 rad 
153° 

α4 3.7026 rad 
212.14° 

α2 3.7026 rad 
212.14° 

Table 9. Equilibrium position of free elements in DEV application to rotary hammer 

 

 
Figure 71. Equilibrium position diagram for DEV 
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Vibrations are reduced from 5 mm of initial amplitude to 0.07 mm in just 4 seconds. After 

6 seconds vibrations practically disappear.  

              
Figure 72. Vibrations absorption 

Vibrations of the chisel as well as the exerted forces on the ground behave in the following 

way. Amplification is done to Figure 69 and Figure 70 for better appreciation of vibrations. 

 
Figure 73. Vibrations of the chisel 

A second experiment is run to explore the effect of the viscous damping (produced by the 

fluid inside the drums) on the movement of the main body or hammer case.  

If the viscous damping for the spheres is increased by 4 times (cR = 8 rad/s) vibrations are 

fully damped in approximately 3.5 seconds. Also, it is easier for the free elements to find 

and stay in the equilibrium position because the residual forces that try to push them away 

from this position are not enough to overcome the viscous damping force. This can be seen 

in Figure 74. 
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Figure 74. Influence of increase in viscous damping coefficient. 

However, if the viscous damping coefficient is now reduced 4 times (cR = 0.5 rad/s) is not 

possible of the DEV to eliminate the vibrations of the main body.  

 
Figure 75. Influence of reduction in viscous damping coefficient. 

As it can be observed in Figure 75, where  is plotted against , the free elements inside 

the drum are not able to find a stable position that can counteract the forces exerted on the 

main body due to the excitation of the system. In this case other parameters such as the 

mass of the spheres would need to be adjusted to explore the possibility of damping 

vibrations.  

It is also important to mention that Forces F2, F3 and F4 are not really affected by the 

increase or reduction of the viscous damping coefficient, their magnitude remains almost 
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the same. Full results of these experiments can be seen in the appendix section of this 

document.  

5.3 Mathematical modelling of rotary hammer with DEV analyzed in two directions 

(model with 2 drums and 4 spheres) 

The next stage of this work is to analyze the system developed in the previous section but 

in two directions of the coordinate system. Now, translation is not only considered in the 

vertical direction (x axis) but also in the horizontal one (y axis) for the main body. Bodies 

3, 4 that represent the striker and chisel in the system are only analyzed in the x axis.  

Moreover, a spring is added to the rotary hammer that actuates in y-direction and represents 

the stiffness of the user’s hand-arm system and the force exerted by actuating the tool. 

Besides, a damper is also added representing natural conditions of the vibration attenuating 

process.  

It is important to mention that this damping coefficient added to the system of equations is 

needed to show the vibrations amplitude reduction in both directions. This happens because 

a DEV is only capable of damping excited vibrations but it cannot absorb the vibrations 

produced by the natural frequencies of a system. In this case, the excitation is only provided 

in the vertical direction, therefore DEV does not really work for the horizontal direction.   

The system’s equations are very similar to those presented in section 5.2.  
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Figure 76. Rotary Hammer with DEV (XY analysis) 

The special condition for the springs that represent an impact is also added as:

 

Lagrange equations method is applied for each of the independent coordinates. The 

development of the equations for is already presented in section 5.2 for 

equations (5.5)-(5.7). For the new independent degree of freedom, associated with 

vibrations along the horizontal axis, named as Y, the equation is obtained as follows.  
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Kinetic and potential energy are expressed as defined by the Lagrange equation as: 

 

Kinetic energy: 

 

 (5.9) 

Potential energy due to springs: 

 (5.10) 

Non-conservative forces are obtained from virtual work equation (

). These forces are caused by damper action:  

 

 (5.11) 

 (5.12) 

 
for  

 

 
for  

for  
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Therefore, 

The Lagrange’s equations derivatives are obtained as mentioned in equation (3.1) for each 

one of the independent degrees of freedom. From there a differential equation is built for 

each variable in the system. Equations are solved for the main variable on each case in the 

same manner as it was done on section 3.3 and the results are shown below: 

 

 (5.13) 

 (5.14) 

 (5.15) 

 

(5.16) 

 

(5.17) 

 

 (5.18) 

 (5.19) 

 (5.20) 

 (5.21) 
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In  the   is neglected due to the small impact it has on the equation, 

as well as the terms  for the  equation, 

where the value of this part of the equation is very small compared to the other terms.  

Then, these equations are solved for the main independent variable on each case and ωt is 

again substituted by time τ. 

 

 (5.22) 

 
(5.23) 

 

 (5.24) 

 (5.25) 

 (5.26) 

 (5.27) 

 

5.3.2 Matlab application  

Due to the complexity of the system, the second degree differential equations are converted 

into first degree equations for its solution in Matlab. Similar to what was done for the other 

models, the system is solved with function ode45.  The complete code is showed in 
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Appendix A. The 1st degree equations are presented here as well as the results of the 

simulation.  

The degrees of freedom and their first derivatives are listed in this way for Matlab solution: 
 
 
 
 
 
 
Then, the system of equations is now defined as: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



93 
 

 

 

 

 

 

 

For the Matlab code, the  and  terms that appear in equation of  

 are substituted by their respective expression  and  

Almost the same parameters used for the unidirectional analysis are input to the system and 

the results are plotted with Matlab.  

m1=4.175 kg, m2 = 0.075 kg, m3 = 0.25 kg; mb=0.07 kg; ω = 100 rad/s; c1 = 20 kg/s, c2 = 5 

kg/s, c3 = 5 kg/s, c4 = 5 kg/s, cy = 20 kg/s cR = 2 rad/s; k1=10000 N/m, k2=10000 N/m, 

k3=100000 N/m, k4=200000 N/m; z0 = 0.01 m; e0 = 0.02 m. Radius of the drums R=0.05 m. 

Radius of the spheres r=0.0115 m 
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Figure 77. Vibrations in rotary hammer with 4-ball DEV 

 
Figure 78. Forces in rotary hammer with 4-ball DEV 
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Adding the horizontal degree of freedom to the main body, does not really change the 

behaviour of the vibrations in x direction (vertical) and the forces produced by the impacts. 

Vibrations are again damped from 5.23 mm of amplitude to 0.05 mm after 6 seconds.   

However, equilibrium positions found by the free elements differ a little from what it was 

obtained in the model analyzed in just one direction.  

 
Final position of free elements 

Left drum Right drum 
α3 2.2915 rad 

131.29° 
α1 4.0857 rad 

234.09° 
α4 4.0873 rad 

234.18° 
α2 2.2949 rad 

131.49° 
Table 10. Equilibrium position of free elements in DEV application to rotary hammer 

 
Figure 79. Equilibrium position diagram for DEV 

 
With these results, it is clear that the Dynamic Eliminator of Vibrations is capable of 

absorbing the excitation produced by the piston movement in the dynamic model presented 

in section 4.4, where the amplitude of vibration of the system is 3.4 mm, once it is stable.  

Also, from the experiments performed on asphalt and concrete the frequency of the first 

harmonic is around 57.8 Hz for both tests. Therefore, this frequency is input as parameter 

for this system and the following results are obtained.  



96 
 

As the excitation frequency changes from 100 rad/s to 365 rad/s, a new mass needs to be 

determined in order to counteract the excitation force. As a starting point for the iterations 

the initial mass computed is: 

 

After some simulations optimal mass determined is: 0.007 kg. If free elements are to be 

steel balls, they would have a radius of 6 mm.  

 
Figure 80. Vibrations results with f=57.8 Hz 



97 
 

 
Figure 81. Forces of the system with f=57.8 Hz 

Final position of free elements 
Left drum Right drum 

α3 2.3774 rad 
136.2° 

α1 2.4136 rad 
138.3° 

α4 4.5328 rad 
259.7° 

α2 4.4816 rad 
256.8° 

Figure 82. Equilibrium positions when f=57.8 Hz 

As the frequency of rotation of the drums is higher, the centrifugal force of the elements 

also increases. Therefore, less mass is needed to counteract the excitation force. Then, this 

space in this model can be optimized through several iterations of mass and radius of the 

spheres, resulting in smaller drums. The next iteration results in a mass of 20 grams (0.02 

kg) and a sphere radius of 4 mm (for steel). This allows having a drum radius of 20 mm 

instead of 50 mm. This system results are presented in the next figure. It is important to 

mention that as ω=365 rad/s. Time of simulation ωt=1000 rad is equal to 2.74 seconds.  
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Figure 83. System's optimization results 

In these two cases, vibrations seem to be damped faster; however, it is harder for the free 

elements to remain in the equilibrium position due to the high rotation velocities.  
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CHAPTER VI - Implementation of the DEV to the rotary hammer with the 

addition of the chisel chuck spring  

6.1 Introduction 

The working principle of the rotary hammer was examined more thoroughly and a new 

model was developed considering a condition that was not taken into account in the 

previous sections. This new model considers a spring connection between the hammer case 

and the chisel that transmits the vibrations directly to the main body without passing 

through the other components.  

6.2 Modelling of rotary hammer - Dynamic model with chisel chuck spring 

This model was developed due to the translation allowed to the chuck (1 in Figure 84) of 

the hammer relative to the tool itself. If force is applied to the tip of the chuck or the chisel, 

they can be contracted (towards the device) up to 17.5 mm.  Once the force is removed, 

both components come back to their initial positions. This connection is done by a spring (2 

in Figure 85) that is attached to the chuck (1) on one end and to a physical stop that is part 

of the rotary hammer on the other end.  In this manner, the vibrations that travel along the 

chisel are not only transmitted to the striker on each impact, but they also enter directly to 

the rotary hammer case through this connection. 

 

 
Figure 84. Rotary hammer chuck. 

 

Figure 85. Chuck spring. 
 

1 

Chu
1 2 
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Thus, this connection is added to the model presented in Figure 63 (section 4.4) and the 

result is shown in Figure 86, where  represents the chuck spring. All the variables used 

for the model presented in section 5.3 are applied in the same manner. The expression for 

the force of the chuck spring F5 is defined in two parts. The first part considers the normal 

operating condition of the spring; whereas the second part considers a substantial increase 

in the stiffness of the spring referring to the moment when the spring goes to “solid state” 

(coils are in contact). 

 
Figure 86. Rotary hammer with chuck spring 

 

F4 

F2 S2 

F3 S3 

S4 

F1 S1 

1 - rotary 
hammer case 

1.1 - piston 

2 - striker 

3 - chisel 
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The forces that are acting over the rotary hammer are produced by the springs and dampers 

present in the system. These forces are defined as: 

 

 

 

 

 

 

 

 

The governing equations of the system are: 

 (6.1) 

 (6.2) 

 (6.3) 

The system of equations is solved using Matlab and the results can be seen in section 6.2.1 

of this document.   

6.2.1 Matlab application 

 

Furthermore, the system of equations is defined as: 

 

 

 

 

 

 

 

 

Springs 

Special conditions: 

 

 

 

 

 

Dampers 
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The system is solved with Matlab and the obtained results are shown as follows.  

 
Figure 87. Rotary hammer vibrations (model with chuck spring) 

The first peaks of vibration of the rotary hammer in Figure 87 vary around 12.5 mm of 

amplitude, however, once free vibrations are damped, vibrations of the system reach a 

steady state were the amplitude of vibrations produced by the external excitation is of 3.7 
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mm. The plot of  shows several impacts with small amplitudes during one second, which 

represents the penetration of the chisel into the impacted surface.  

 
Figure 88. Rotary hammer forces 

In the plot for  seen in Figure 88, there are 3 peaks that reach up to 140 N, whereas, after 

0.5 seconds, the force shows a periodic value of 25 N. This phenomenon happens in the 

beginning when the chisel chuck spring is taken to solid state, which increases the stiffness 

and the reaction force of the spring. 

For the input parameters given, the chisel hits the ground with a force of 260 N (  once 

vibrations have reached a steady state.   

This model shows a more approximate approach to the real hammer behaviour and the 

complexity of impacts production.  
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6.3 Mathematical modelling of rotary hammer with chisel spring connection and 

DEV implementation (2 directions, 2 drums, 4 spheres) 

The Dynamic Eliminator of Vibrations is implemented to the new rotary hammer model, to 

determine the possibility of damping the vibrations produced by the new rotary hammer 

model proposed.   

 
Figure 89. Rotary hammer with DEV and chuck spring 

The governing equations for the system presented in Figure 89 are very similar to what it 

was developed on equations (5.22) - (5.27). The new  only affects the equations for the 

main body  and for the chisel .   

F4 

F2 S2 

F3 S3 

S4 

F1 S1 

F5 

 

 

 

Spring force  

For  

For  

 

Special condition 
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 (5.28) 

 

 

(5.29) 

 

 

(5.30) 

 

 

(5.31) 

 

 

(5.32) 

 

 

(5.33) 

The system is solved using Matlab as it was done for previous applications. The results are 

presented in section 5.4.2. 

6.3.1 Matlab Application 

The solution for the system of equations is obtained with Matlab. The variables are 

assigned as it was mentioned in section 5.3.2, as well as the equations written in the Matlab 

code. , generated by the chisel chuck spring, is added to the 1st order differential 

equations that define the acceleration of the main body and the chisel.  

 

 

 

 

 

 

 

 

 

 

 

 



106 
 

Equations for the main body: 

 

 

Equations for the chisel: 

 

 

The rest of the equations are identical to the ones presented in section 5.3.2. Full Matlab 

code is included in Appendix A.  

The system is solved with the following input parameters.  

n=8 DOF, m1 = 4.175 kg, m2 = 0.075 kg, m3 = 0.25 kg; ω=100 rad/s; c1 = 20 kg/s, c2 = 5 

kg/s, c3 = 5 kg/s, c4 = 2 kg/s, cR = 5 rad/s; k1=10000 N/m, k2=10000 N/m, k3=100000 N/m, 

k4=200000 N/m; k51 = 2000 N/m; k52 = 100 Nm; z0 = 0.01 m; e = 0.02 m; R=0.05 m; mb= 

0.1 kg. 

The radius of the spheres is computed with the proposed mass and the density of the steel. 

  

The vibrations produced by the rotary hammer with this configuration and the 

implementation of a 4-ball DEV are presented in Figure 90. Moreover, the forces produced 

on each impact are plotted in Figure 91. 
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Figure 90. Rotary hammer vibrations with chuck spring and 4-ball DEV 

 
Figure 91. Forces produced by rotary hammer with chuck spring and 4-ball Dev 
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Vibrations are reduced from 5.5 mm of initial amplitude to 0.02 mm of amplitude in 4.5 

seconds. The spheres find symmetric positions between the two drums that are shown in 

Table 11. The viscous damping coefficient needed is a bit higher than with the previous 

conditions, cR = 5 rad/s.  

Final position of free elements 
Left drum Right drum 

α3 2.0564 rad 
117.83° 

α1 2.0562 rad 
117.82° 

α4 4.3172 rad 
247.37° 

α2 4.3171 rad 
247.37° 

Table 11. Final position of the spheres (model with chuck spring) 

 
Figure 92. Equilibrium position for model with chuck spring 

Again, if the angular velocity of the drums is increased to ω=365 rad/s, the spheres mass 

needed for damping the vibrations produced by the excitation can be strongly reduced. If 

the radius of the drums is left constant (R=0.05 m), the mass of the spheres can be reduced 

to 0.02 kg (20 grams). Moreover, it easier for the spheres to find the equilibrium position as 

it is seen on Figure 93  On Figure 94 the behaviour of the 

chisel chuck spring can be appreciated in the plots for F5 and (x1 - x3). An increase in the 

angular velocity of the piston results in an increase of the impact forces.  
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Figure 93. Vibrations of rotary hammer with DEV (ω=365 rad/s) 

 
Figure 94. Rotary hammer forces with DEV (ω=365 rad/s) 

This more complex model begins to challenge the possibility of damping vibrations 

produced by the rotary hammer as it approaches the reality; however, the results obtained 

show proper vibrations absorption.  
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CHAPTER VII - Conclusions 

7.1 Conclusions  

Vibrations are undesirable for most of mechanical systems and for the human body due to 

the adverse effects they could provoke. Particularly, the long term use of impact tools could 

lead to suffer disorders like the White Finger syndrome and the Dupuytren contracture. 

Therefore, new ideas and technologies have been designed with the objective of damping 

vibrations.  

In this work, a rotary hammer working principle was mathematically modelled starting 

from a simple approach and then developing a more complex dynamic system based on 

Lagrange equations. This model shows amplitudes in the same order of magnitude 

compared to the values obtained in the experiments performed on asphalt and concrete. 

Then, the Dynamic Eliminator of Vibrations model proposed was implemented to the 

rotary hammer and simulations were run. Even though detailed analysis was performed for 

a system with 2 spheres per drum, it is possible to have more free elements.  

Simulation results show that vibrations produced by a rotary hammer can be damped for 

different parameters and conditions (ω tested from 80 rad/s to 365 rad/s) due to the 

presence of the inertial force. This is only possible, with the proper update on sphere mass 

and radius of the drums. It is important to mention that at higher angular velocities of the 

drums; less mass is needed for system balance due to the increase in centrifugal force, 

which allows space and mass optimization processes. Also, the increase in angular velocity 

also shortens the response time of the free elements to find their equilibrium position.  
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The coefficient of viscous damping of the free elements also plays an important role in the 

balancing process, because with the increase in this coefficient it is easier for the free 

elements to stay in place, due to the produced forces.  

The size of the device, according to the radius of the drums and the free elements, is 

suitable for different applications depending on the excitation frequency of the system.  

The Dynamic Eliminator of Vibrations was found to work properly only with excitation 

frequencies that are above the natural frequency of the system. This vibration absorber can 

be applied for the first harmonic of the system, which represents the mode of vibration with 

the highest amplitude. However if two frequencies are to be damped, 2 sets of drums need 

to be added to the system, each one rotating at one of the frequencies.  

In general, this work served as application of all the knowledge acquired in the dynamics 

and vibrations courses, along with programming abilities in Matlab. The proposed 

objectives were accomplished leaving new ideas for future work.  

7.2 Future work 

Further development can be done in this project to validate the obtained results 

mathematically with different methods, such as computer simulation of the modes of 

vibration and the behaviour of the free elements. Moreover, Ideal Gas Law can be included 

to the system’s modelling for describing the interaction between piston and striker.  

Also, some other Matlab codes should be developed to investigate if a difference in 

excitation frequency and rotational speed of the drum is allowed and until which ratio of 

frequencies vibrations can still be damped.  
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Prototypes should be built and tested to analyze the behaviour of the system in real life. The 

results of the tests should be compared with those obtained in Matlab and the simulations.   
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APPENDICES 

Appendix A - Matlab Codes 

a) DEV with 2 free elements 

clear; close all; clc; 
global  n m M w R r c c1 k z0 T x meq B 
 
n = 3; %number of DOF 
w=100; % [rad/s] 
m=0.054; M=4; % [kg]  
R=0.05; r=0.012;% [m] 
c=20; %[kg/s] 
c1=4; %[kg/s] 
k=5000; %[N/m] 
z0=0.01; %[m] 
% 
B=(2/5)*m*(r^2);  
meq=(R^2)*(m+B/(r^2)); 
% 
tspan=0:0.002:400; 
x0=[0; 0; 1; 0; 1; 0]; % Initial conditions 
[T,x]=ode45('solvesystem_2el',tspan,x0); 
%Plotting 
subplot(2,2,1); 
plot(T,x(:,1)*1000,'k') 
xlabel('T[rad]') 
ylabel('x[mm]') 
grid on 
subplot (2,2,2) 
plot(T,x(:,2)*1000,'k') 
xlabel('T[rad]') 
ylabel('v[mm/rad]') 
grid on 
subplot (2,2,3) 
plot(T,x(:,3),'k') 
hold on; 
plot(T,x(:,5),'r') 
xlabel('T[rad]') 
ylabel('\alpha 1,2 [rad]') 
legend('\alpha 1','\alpha 2') 
grid on 
subplot (2,2,4) 
plot(T,x(:,4),'k') 
hold on 
plot(T,x(:,6),'r') 
xlabel('T[rad]') 
ylabel('$\dot{\alpha}$ 1,2 [rad/rad]', 'Interpreter','latex') 
legend('\alpha 1','\alpha 2') 
grid on 
------------------------------------------------- 
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function D=solvesystem_2el(T,x) 
  
global m w R c1 z0 n M k c meq 
 
D=zeros(n*2,1); 
  
D(1) = x(2); 
D(2) = 
(1/(M+2*m))*((m*R)*(((1+x(4))^2)*cos(T+x(3))+((1+x(6))^2)*cos(T+x(5)))
-(c*(z0*w*sin(T)+w*x(2))/(w^2))-(k*x(1)/(w^2))+(k*z0*cos(T)/(w^2))); 
D(3) = x(4); 
D(4) = (m*R/meq)*((sin(T+x(3))*D(2))-((c1*R*x(4))/w)); 
D(5) = x(6); 
D(6) = (m*R/meq)*((sin(T+x(5))*D(2))-((c1*R*x(6))/w)); 
 
end 
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b) DEV with 4 free elements 

clear; close all; clc; 
  
global  n m M w R r c c1 k z0 T x meq B 
 
n = 5; %number of DOF 
w=100; % [rad/s] 
m=0.03; M=4; % [kg]  
R=0.05; r=0.003; %[m] 
c=20; %[kg/s] 
c1=4; %[rad/s] 
k=5000; %[N/m] 
z0=0.01; %[m] 
% 
B=(2/5)*m*(r^2); 
meq=(R^2)*(m+B/(r^2)); 
% 
tspan=0:0.002:400; 
x0=[0; 0; 1; 0; 2; 0; 1; 0; 2; 0]; % Initial conditions 
[T,x]=ode45('solvesystem_4el',tspan,x0); 
%Plotting 
subplot(2,2,1); 
plot(T,x(:,1)*1000,'b') 
xlabel('T[rad]') 
ylabel('x[mm]') 
grid on 
% 
subplot (2,2,2) 
plot(T,x(:,2)*1000,'b') 
xlabel('T[rad]') 
ylabel('v[mm/rad]') 
grid on 
% 
subplot (2,2,3) 
plot(T,x(:,3),'b') 
hold on 
plot(T,x(:,5),'r') 
xlabel('T[rad]') 
ylabel('\alpha 1,2 [rad]') 
legend('\alpha 1','\alpha 2') 
grid on 
% 
subplot (2,2,4) 
plot(T,x(:,7),'b') 
hold on 
plot(T,x(:,9),'r') 
xlabel('T[rad]') 
ylabel('\alpha 3,4 [rad]') 
legend('\alpha 3','\alpha 4') 
grid on 
------------------------------------------------- 
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function D=solvesystem_4el(T,x) 
  
global m w R c1 z0 n M k c meq 
  
D=zeros(n*2,1); 
  
D(1) = x(2); 
D(2) = 
(1/(M+4*m))*((m*R)*(((1+x(4))^2)*cos(T+x(3))+((1+x(6))^2)*cos(T+x(5))+
((1+x(8))^2)*cos(T+x(7))+((1+x(10))^3)*cos(T+x(9)))-
(c*(z0*w*sin(T)+w*x(2))/(w^2))-(k*x(1)/(w^2))+(k*z0*cos(T)/(w^2))); 
D(3) = x(4); 
D(4) = (m*R/meq)*((sin(T+x(3))*D(2))-((c1*R*x(4))/w)); 
D(5) = x(6); 
D(6) = (m*R/meq)*((sin(T+x(5))*D(2))-((c1*R*x(6))/w)); 
D(7) = x(8); 
D(8) = (m*R/meq)*((sin(T+x(7))*D(2))-((c1*R*x(8))/w)); 
D(9) = x(10); 
D(10) = (m*R/meq)*((sin(T+x(9))*D(2))-((c1*R*x(10))/w)); 
end 
 
 
 
  



117 
 

c) Inertial force 
 
clear; clc; close all; 
% 
%Parameters 
m=4.175; %[kg] 
c1=10; c2=5; %[kg/s] 
w=100; %[rad/s] 
k1=10000; k2=10000; %[N/m] 
% 
%Inertial force and phase angle equations 
phi=pi+atan(((c1+c2)*w)/(k1+k2-m*(w^2))) 
i=1; 
for alpha = -pi:0.001:3*pi/2 
    F1(i,1)=-0.5*(sin(alpha+phi)+sin(phi)); 
    i=i+1; 
end 
% 
alpha = -pi:0.001:3*pi/2; 
plot(alpha,F1,'b') 
hold on 
ax = gca; 
ax.XAxisLocation = 'origin'; 
ax.YAxisLocation = 'origin'; 
box off 
%title ('Inertial Force Behaviour') 
xlabel ('\alpha [rad]') 
ylabel ('F [-]') % F=F1/amw^2 
grid on 
% 
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d) Kinetics description of the rotary hammer internal components 
 
clear; close all; clc; 
clear; close all; clc; 
x0=5; % [mm] striker initial position 
v0=0; % [mm/s] striker initial velocity 
e=85; % [mm] striker max displacement 
a=10; % [mm] piston amplitude 
k1=0.7; % [-] restitution coef piston-striker 
k2=0.8; % [-] restitution coef striker-chisel 
w=100; %[rad/s] angular velocity of piston 
tf=3; % [s] simulation time 
m=0.075; % [kg] mass of the striker 
dt1=0.003; % [s] duration of piston-striker collision 
dt2=0.002; % [s] duration of striker-chisel collision 
%% Piston displacement functions 
z=@(t) a*sin(w*t); 
vz=@(t) a*w*cos(w*t); 
%% Functions of 1st collision with striker 
t1=(1/w)*asin(x0/a); %time for 1st impact (piston-striker) 
x1=x0; 
v1=vz(t1)*(1+k1)-v0*k1; %speed of striker after impact 
%% Functions of collision with chisel 
tC=@(t1,x1,vCm) t1+(e-x1)/vCm; %time for striker-chisel col. 
xC=e; 
vCp=@(vCm) -k2*vCm; %striker speed after col 
%% Functions of 2nd collision with piston (return of striker) 
cond=@(t2,v2) t2+(0.8*(e-a)/(abs(v2))); %ecc.init.cond. 
vMp=@(vz,vMm) vz*(1+k1)-vMm; %striker speed after col.  
%xMp=@(t) vz(t);              
numCol=1; 
T=zeros(2*numCol+1,1); 
X=zeros(2*numCol+1,1); 
V=zeros(2*numCol+1,1); 
F=zeros(2*numCol+1,1); 
i=1; 
T(1:3)=[0;t1;t1]; 
X(1:3)=[x0;x1;x1]; 
V(1:3)=[v0;v0;v1]; 
i=2;j=2; 
t3=0; 
while t3<tf 
    t2=tC(T(i+1),X(i+1),V(i+1));   %t2 for impact with chisel 
    v2=vCp(V(i+1));              %v2 after collision w/chisel 
    T(i+2:i+3)=t2*[1;1];          %Assigns t2, bef&aft impact 
    X(i+2:i+3)=xC*[1;1];     %Assigns pos. of impact w/chisel 
    V(i+2:i+3)=[V(i+1);v2];   %Assigns striker speed b&a imp w/chisel 
    F(j)=m*(V(i+1)-V(i))/(dt1*1000);  
    F(j+1,1)=m*(V(i+1)-V(i+3))/(dt2*1000); 
    fun=@(t3) a*sin(w*t3)-(v2*(t3-t2))-e; %t3 for 2nd impact striker-
piston 
    t3=fsolve(fun,cond(t2,v2)); 
    T(i+4:i+5)=t3*[1;1];            %Assigns t3 
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    X(i+4:i+5)=z(t3)*[1;1];         %Piston position for 2nd impact 
w/striker 
    V(i+4:i+5)=[V(i+3);vMp(vz(t3),V(i+3))]; %Assigns speed bef&aft 
col. with piston 
     
    %Special case: double collision piston-striker  
    tcruce=(pi/w)*round(t3*w/pi);    
    tlim=2*tcruce+pi/w-t3;           
    fun1=@(t4) a*sin(w*t4)-(V(i+5)*(t4-t3))-X(i+5); 
    t4=fsolve(fun1,tlim);      
    if t4 > (t3+1e-8) 
        T(i+6:i+7)=t4*[1;1]; 
        X(i+6:i+7)=z(t4)*[1;1]; 
        V(i+6:i+7)=[V(i+5);vMp(vz(t4),V(i+5))]; 
        F(j+2)=-m*(V(i+6)-V(i+7))/(dt1*1000);  
        i=i+6; 
        j=j+3;    
        numCol=numCol+3; 
    else 
        i=i+4; 
        j=j+2; 
        numCol=numCol+2; 
    end 
end 
subplot (3,1,1) 
plot(T,X,'k'); 
xlabel 't [s]' 
ylabel 'X [mm]' 
title('Striker Impacts') 
hold on 
% 
Z=[]; j=1; 
tv = [0:0.01:t3]; 
for ti=[0:0.01:t3] 
    Z(j,1)=a*sin(w*ti); 
    j=j+1; 
end 
plot (tv,Z,'r'); 
grid on 
hold on 
xlim([0 3]) 
% 
subplot (3,1,2) 
plot(T,V,'k') 
xlabel 't [s]' 
ylabel 'V [mm/s]' 
xlim([0 3]) 
grid on 
% 
Time=zeros(numCol,1); h=1; 
while h<=numCol 
    Time(h)=T(2*h-1); 
    h=h+1; 
end 



120 
 

subplot(3,1,3) 
scatter (Time,F,'filled','k')   
xlabel 't [s]' 
ylabel 'F [N]' 
xlim([0 3]) 
grid on 
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e) Dynamic model of rotary hammer behaviour  
 
clear; clc; close all; 
  
global m1 m2 m3 k1 k2 k3 k4 z0 w n c1 c2 c3 c4 e0 
  
n=3; %DOF 
m1=4.175; m2=0.075; m3=0.25; %[kg] 
k1=10000; k2=10000; k3=100000; k4=200000; %[N/m] 
z0=0.01; %[m] 
w=100; %[rad/s] 
c1=20; c2=5; c3=5; c4=2; %[kg/s] 
e0=0.02; %[m] 
  
tspan=0:0.001:3; 
x0=[0; 0; 0.004; 0; 0; 0]; 
  
[t,x]=ode45('HammerCompSolver',tspan,x0); 
F=Forces(t,x); 
  
%Plotting 
% Displacement x1 
subplot (3,2,1) 
plot(t,x(:,1)*1000,'k') 
xlabel('t[s]') 
ylabel('x1[mm]') 
xlim([0 3]) 
ylim([-10 30]) 
grid on 
% Displacement x2 
subplot (3,2,2) 
plot(t,x(:,3)*1000,'k') 
xlabel('t[s]') 
ylabel('x2[mm]') 
xlim([0 3]) 
ylim([-10 10]) 
grid on 
% Displacement x3 
subplot (3,2,3) 
plot(t,x(:,5)*1000,'k') 
xlabel('t[s]') 
ylabel('x3[mm]') 
xlim([0 3]) 
ylim([-6 4]) 
grid on 
%Force F2 
subplot (3,2,4) 
plot(t,F(:,2),'k') 
xlabel('t[s]') 
ylabel('F2[N]') 
xlim([0 3]) 
ylim([0 300]) 
grid on 
%Force F3 
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subplot (3,2,5) 
plot(t,F(:,3),'k') 
xlabel('t[s]') 
ylabel('F3[N]') 
xlim([0 3]) 
ylim([0 450]) 
grid on 
%Force F4 
subplot (3,2,6) 
plot(t,F(:,4),'k') 
xlabel('t[s]') 
ylabel('F4[N]') 
xlim([0 3]) 
ylim([0 500]) 
grid on 
     
------------------------------------------------- 

function D=HammerCompSolver(t,x) 
  
global m1 m2 m3 k1 k2 k3 k4 z0 w n c1 c2 c3 c4 e0 
% x(1) = x1      x(2) = x1' 
% x(3) = x2      x(4) = x2' 
% x(5) = x3      x(6) = x3' 
D = zeros(n*2,1); 
z = z0*cos(w*t); 
zprim =  -z0*w*sin(w*t); 
% 
F1=k1*(e0-x(1)); 
S1=c1*x(2); 
S2=c2*(x(2)+zprim-x(4)); 
S3=c3*(x(4)-x(6)); 
S4=c4*x(6); 
% 
F20=k2*(x(1)+z-x(3)); 
if F20>0 
    F2=F20; 
else 
    F2=0; 
end 
% 
F30=k3*(x(3)-x(5));  
S3=c3*(x(4)-x(6)); 
if F30>0 
    F3=F30; 
else 
    F3=0; 
end 
% 
F40=k4*x(5); 
if F40>0 
    F4=F40; 
else 
    F4=0; 
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end 
% 
D(1) = x(2); 
D(2) = (1/m1)*(F1-S1-F2-S2); 
D(3) = x(4); 
D(4) = (1/m2)*(F2+S2-F3-S3); 
D(5) = x(6); 
D(6) = (1/m3)*(F3+S3-F4-S4); 
  
end 
 
------------------------------------------------- 

function F=Forces(t,x) 
  
global k1 k2 k3 k4 z0 w e0 
% x(:,1) = x1      x(:,2) = x1' 
% x(:,3) = x2      x(:,4) = x2' 
% x(:,5) = x3      x(:,6) = x3' 
z = z0*sin(w*t); 
% 
F10=k1*(e0-x(:,1)); 
F10=F10.*(F10>0); 
F20=k2*(x(:,1)+z-x(:,3));  
F20=F20.*(F20>0); 
F30=k3*(x(:,3)-x(:,5));  
F30=F30.*(F30>0); 
F40=k4*x(:,5); 
F40=F40.*(F40>0); 
F(:,1)=F10; 
F(:,2)=F20; 
F(:,3)=F30; 
F(:,4)=F40; 
  
End 
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f) Implementation of DEV to rotary hammer - unidirectional analysis 
 

clear; close all; clc; 
  
global  n w z0 mb m1 m2 m3 R r c1 c2 c3 c4 cR k1 k2 k3 k4 meq B T x e0 
%Faltan términos de a'' 
  
n=7; %number of independent DOF 
w=100; % [rad/s] 
z0=0.01; %[m] Piston amplitude 
e0=0.02; %[m] 
mb=0.05; m1=4.175; m2=0.075; m3=0.25; % [kg] 
R=0.05; r=0.0115; %[m]  
c1=20; c2=5; c3=5; c4=2; %[kg/s] 
cR=2; %[1/s] 
k1=10000; k2=10000; k3=100000; k4=200000; %[N/m]  
% 
B=(2/5)*mb*(r^2); 
meq=(R^2)*(mb+B/(r^2)); 
% 
tspan=0:0.025:700; 
x0=[0.005; 0; 2.8; 0; 3.2; 0; 2.8; 0; 3.2; 0; 0.004; 0; 0; 0]; % Initial 
conditions 
Zeta=z0*cos(tspan); 
% 
[T,x]=ode45('SolveSyst_X',tspan,x0); 
F=Forces_X(T,x); 
% 
%Plotting 
figure(1) 
subplot(3,2,1); 
plot(T,x(:,1)*1000,'k') 
xlabel('T[rad]') 
ylabel('x1[mm]') 
xlim ([0 700]) 
grid on 
% 
subplot(3,2,2); 
plot(T,x(:,11)*1000,'k') 
xlabel('T[rad]') 
ylabel('x2[mm]') 
xlim ([0 700]) 
ylim ([-5 10]) 
grid on 
% 
subplot(3,2,3); 
plot(T,x(:,13)*1000,'k') 
xlabel('T[rad]') 
ylabel('x3[mm]') 
xlim ([0 700]) 
grid on 
% 
subplot (3,2,5) 
plot(T,x(:,3),'r') 
hold on 
plot(T,x(:,5),'k') 
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xlabel('T[rad]') 
ylabel('\alpha 1,2 [rad]') 
legend('\alpha 1','\alpha 2') 
xlim ([0 700]) 
grid on 
% 
subplot (3,2,6) 
plot(T,x(:,7),'r') 
hold on 
plot(T,x(:,9),'k') 
xlabel('T[rad]') 
ylabel('\alpha 3,4 [rad]') 
legend('\alpha 3','\alpha 4') 
xlim ([0 700]) 
grid on 
% 
figure(2) 
subplot (2,2,1) 
plot(T,F(:,1),'k') 
xlabel('T[rad]') 
ylabel('F1[N]') 
xlim ([0 700]) 
grid on 
% 
subplot (2,2,2) 
plot(T,F(:,2),'k') 
xlabel('T[rad]') 
ylabel('F2[N]') 
xlim ([0 700]) 
grid on 
% 
subplot (2,2,3) 
plot(T,F(:,3),'k') 
xlabel('T[rad]') 
ylabel('F3[N]') 
xlim ([0 700]) 
grid on 
% 
subplot (2,2,4) 
plot(T,F(:,4),'k') 
xlabel('T[rad]') 
ylabel('F4[N]') 
xlim ([0 700]) 
grid on 
hold on 
% 
------------------------------------------------- 

function D=SolveSyst_X(T,x) 
  
global w R z0 n mb m1 m2 m3 c1 c2 c3 c4 cR meq k1 k2 k3 k4 e0 
% x(1) = x1      x(2) = x1'              % x(9) = a4       x(10) = a4'  
% x(3) = a1      x(4) = a1'              % x(11) = x2      x(12) = x2'  
% x(5) = a2      x(6) = a2'              % x(13) = x3      x(14) = x3'  
% x(7) = a3      x(8) = a3' 
% 
D=zeros(n*2,1); 
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% 
z = z0*cos(T); 
zprim = -z0*sin(T); 
F1=k1*(e0-x(1)); 
S1=c1*x(2); 
S2=c2*(x(2)+zprim-x(12)); 
S3=c3*(x(12)-x(14)); 
S4=c4*x(14); 
% 
F20=k2*(x(1)+z-x(11));  
if F20>0 
    F2=F20; 
else 
    F2=0; 
end 
F30=k3*(x(11)-x(13));  
if F30>0 
    F3=F30; 
else 
    F3=0; 
end 
F40=k4*x(13); 
if F40>0 
    F4=F40; 
else 
    F4=0; 
end 
% 
D(1) = x(2); 
D(2) = (1/(m1+4*mb))*((-mb*R*(((1+x(4))^2)*cos(T+x(3))+((1+x(6))^2)* 
cos(T+x(5))+((1+x(8))^2)*cos(T+x(7))+((1+x(10))^3)*cos(T+x(9))))+(F1-
(S1*w)-F2-(S2*w))/(w^2)); 
D(3) = x(4); 
D(4) = (mb*R/meq)*((-sin(T+x(3))*D(2))-((cR*R*x(4))/w)); 
D(5) = x(6); 
D(6) = (mb*R/meq)*((-sin(T+x(5))*D(2))-((cR*R*x(6))/w)); 
D(7) = x(8); 
D(8) = (mb*R/meq)*((-sin(T+x(7))*D(2))-((cR*R*x(8))/w)); 
D(9) = x(10); 
D(10) = (mb*R/meq)*((-sin(T+x(9))*D(2))-((cR*R*x(10))/w)); 
D(11) = x(12); 
D(12) = (1/(m2*(w^2)))*(F2+(S2*w)-F3-(S3*w)); 
D(13) = x(14); 
D(14) = (1/(m3*(w^2)))*(F3+(S3*w)-F4-(S4*w)); 
end 
------------------------------------------------- 

function F=Forces_X(T,x) 
  
global k1 k2 k3 k4 z0 e0 
% x(:,1) = x1      x(:,2) = x1' 
% x(:,11) = x2     x(:,12) = x2' 
% x(:,13) = x3     x(:,14) = x3' 
z = z0*cos(T); 
% 
F10=k1*(e0-x(:,1)); 
F10=F10.*(F10>0); 
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F20=k2*(x(:,1)+z-x(:,11));  
F20=F20.*(F20>0); 
F30=k3*(x(:,11)-x(:,13));  
F30=F30.*(F30>0); 
F40=k4*x(:,13); 
F40=F40.*(F40>0); 
F(:,1)=F10; 
F(:,2)=F20; 
F(:,3)=F30; 
F(:,4)=F40; 
end 
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g) Implementation of DEV to rotary hammer - bidirectional analysis 
 
clear; close all; clc; 
  
global  n w z0 mb m1 m2 m3 R r c1 c2 c3 c4 cy cR k1 k2 k3 k4 ky meq B T x 
e0 
n=8; %number of independent DOF 
w=100; % [rad/s] 
z0=0.01; %[m] Piston amplitude 
e0=0.02; %[m] 
mb=0.07; m1=4.175; m2=0.075; m3=0.25; % [kg] 
R=0.05; r=0.0115; %[m]  
c1=20; c2=5; c3=5; c4=5; cy=20; %[kg/s] 
cR=2; %[1/s] 
k1=10000; k2=10000; k3=100000; k4=200000; ky=10000; %[N/m]  
% 
B=(2/5)*mb*(r^2); 
meq=(R^2)*(mb+B/(r^2)); 
% 
tspan=0:0.005:800; 
%Initial conditions 
x0=[0.005; 0; 0.02; 0; 2.8; 0; 3.2; 0; 2.8; 0; 3.2; 0; 0.004; 0; 0; 0];  
% 
[T,x]=ode45('SolveSyst_XY',tspan,x0); 
F=Forces_XY(T,x); 
%Plotting 
figure(1) 
subplot(3,2,1); 
plot(T,x(:,1)*1000,'k') 
xlabel('T[rad]') 
ylabel('x1[mm]') 
xlim ([0 700]) 
ylim ([4 16]) 
grid on 
% 
subplot(3,2,2); 
plot(T,x(:,3)*1000,'k') 
xlabel('T[rad]') 
ylabel('Y[mm]') 
xlim ([0 700]) 
grid on 
% 
subplot(3,2,3); 
plot(T,x(:,13)*1000,'k') 
xlabel('T[rad]') 
ylabel('x2[mm]') 
xlim ([0 700]) 
ylim ([-3 5]) 
grid on 
% 
subplot(3,2,4); 
plot(T,x(:,15)*1000,'k') 
xlabel('T[rad]') 
ylabel('x3[mm]') 
xlim ([0 700]) 
ylim ([-1 2]) 
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grid on 
% 
subplot (3,2,5) 
plot(T,x(:,5),'r') 
hold on 
plot(T,x(:,7),'k') 
xlabel('T[rad]') 
ylabel('\alpha 1,2 [rad]') 
legend('\alpha 1','\alpha 2') 
xlim ([0 700]) 
ylim ([-1 5]) 
grid on 
% 
subplot (3,2,6) 
plot(T,x(:,9),'r') 
hold on 
plot(T,x(:,11),'k') 
xlabel('T[rad]') 
ylabel('\alpha 3,4 [rad]') 
legend('\alpha 3','\alpha 4') 
xlim ([0 700]) 
ylim ([-1 5]) 
grid on 
% 
figure(2) 
subplot (2,2,1) 
plot(T,F(:,1),'k') 
xlabel('T[rad]') 
ylabel('F1[N]') 
xlim ([0 700]) 
ylim ([40 160]) 
grid on 
% 
subplot (2,2,2) 
plot(T,F(:,2),'k') 
xlabel('T[rad]') 
ylabel('F2[N]') 
xlim ([0 700]) 
ylim ([0 250]) 
grid on 
% 
subplot (2,2,3) 
plot(T,F(:,3),'k') 
xlabel('T[rad]') 
ylabel('F3[N]') 
xlim ([0 700]) 
ylim ([0 400]) 
grid on 
% 
subplot (2,2,4) 
plot(T,F(:,4),'k') 
xlabel('T[rad]') 
ylabel('F4[N]') 
xlim ([0 700]) 
grid on 
hold on 
------------------------------------------------- 
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function D=SolveSyst_XY(T,x) 
  
global w R z0 n mb m1 m2 m3 c1 c2 c3 c4 cR cy meq k1 k2 k3 k4 ky e0 
% x(1) = x1      x(2) = x1'              % x(9) = a3       x(10) = a3'  
% x(3) = y1      x(4) = y1'              % x(11) = a4      x(12) = a4'  
% x(5) = a1      x(6) = a1'              % x(13) = x2      x(14) = x2'  
% x(7) = a2      x(8) = a2'              % x(15) = x3      x(16) = x3'  
% 
D=zeros(n*2,1); 
% 
z = z0*cos(T); 
zprim = -z0*sin(T); 
% 
F1=k1*(e0-x(1)); 
Fy=ky*x(3); 
S1=c1*x(2); 
S2=c2*(x(2)+zprim-x(14)); 
S3=c3*(x(14)-x(16)); 
S4=c4*x(16); 
Sy=cy*x(4); 
% 
F20=k2*(x(1)+z-x(13));  
if F20>0 
    F2=F20; 
else 
    F2=0; 
end 
F30=k3*(x(13)-x(15));  
if F30>0 
    F3=F30; 
else 
    F3=0; 
end 
F40=k4*x(15); 
if F40>0 
    F4=F40; 
else 
    F4=0; 
end 
% 
D(1) = x(2); 
D(2) = (1/(m1+4*mb))*((-
mb*R*(((1+x(6))^2)*cos(T+x(5))+((1+x(8))^2)*cos(T+x(7))+((1+x(10))^2)*cos
(T+x(9))+((1+x(12))^3)*cos(T+x(11))))+(F1-(S1*w)-F2-(S2*w))/(w^2)); 
D(3) = x(4); 
D(4) = 
(1/(m1+4*mb))*((mb*R*(((1+x(6))^2)*sin(T+x(5))+((1+x(8))^2)*sin(T+x(7))-
((1+x(10))^2)*sin(T+x(9))-((1+x(12))^3)*sin(T+x(11))))-Fy/(w^2)-Sy/w); 
D(5) = x(6); 
D(6) = (mb*R/meq)*(-D(2)*sin(T+x(5))-D(4)*cos(T+x(5))-(cR*R*x(6)/w)); 
D(7) = x(8); 
D(8) = (mb*R/meq)*(-D(2)*sin(T+x(7))-D(4)*cos(T+x(7))-(cR*R*x(8)/w)); 
D(9) = x(10); 
D(10) = (mb*R/meq)*(-D(2)*sin(T+x(9))+D(4)*cos(T+x(9))-(cR*R*x(10)/w)); 
D(11) = x(12); 
D(12) = (mb*R/meq)*(-D(2)*sin(T+x(11))+D(4)*cos(T+x(11))-(cR*R*x(12)/w)); 
D(13) = x(14); 
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D(14) = (1/(m2*(w^2)))*(F2+(S2*w)-F3-(S3*w)); 
D(15) = x(16); 
D(16) = (1/(m3*(w^2)))*(F3+(S3*w)-F4-(S4*w)); 
end 
 
------------------------------------------------- 

function F=Forces_XY(T,x) 
  
global k1 k2 k3 k4 z0 e0 
% x(:,1) = x1       x(:,2) = x1' 
% x(:,13) = x2      x(:,14) = x2' 
% x(:,15) = x3      x(:,16) = x3' 
z = z0*cos(T); 
% 
F10=k1*(e0-x(:,1)); 
F10=F10.*(F10>0); 
F20=k2*(x(:,1)+z-x(:,13));  
F20=F20.*(F20>0); 
F30=k3*(x(:,13)-x(:,15));  
F30=F30.*(F30>0); 
F40=k4*x(:,15); 
F40=F40.*(F40>0); 
F(:,1)=F10;  
F(:,2)=F20; 
F(:,3)=F30; 
F(:,4)=F40; 
  
end 
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h) Dynamic model of rotary hammer with chisel chuck spring 
 
clear; clc; close all; 
  
global m1 m2 m3 k1 k2 k3 k4 z0 w n c1 c2 c3 c4 e0 k51 k52 
  
n=3; %DOF 
m1=4.175; m2=0.075; m3=0.25; %[kg] 
k1=10000; k2=10000; k3=100000; k4=200000; %[N/m] 
k51=2000; k52=100; %[N/m] 
z0=0.01; %[m] 
w=100; %[rad/s] 
c1=20; c2=5; c3=5; c4=2; %[kg/s] 
e0=0.02; %[m] 
  
tspan=0:0.001:3; 
x0=[0; 0; 0.004; 0; 0; 0]; 
  
[t,x]=ode45('SolverChuck',tspan,x0); 
F=ForcesChuck(t,x); 
  
%Plotting 
% Displacement x1 
figure(1) 
subplot (3,1,1) 
plot(t,x(:,1)*1000,'k') 
xlabel('t [s]') 
ylabel('x1 [mm]') 
xlim([0 1.6]) 
ylim([-10 25]) 
grid on 
% Displacement x2 
subplot (3,1,2) 
plot(t,x(:,3)*1000,'k') 
xlabel('t [s]') 
ylabel('x2 [mm]') 
xlim([0 1.6]) 
ylim([-15 15]) 
grid on 
% Displacement x3 
subplot (3,1,3) 
plot(t,x(:,5)*1000,'k') 
xlabel('t [s]') 
ylabel('x3 [mm]') 
xlim([0 1.6]) 
ylim([-10 5]) 
grid on 
% 
figure(2) 
%Force F2 
subplot (2,2,1) 
plot(t,F(:,2),'k') 
xlabel('t [s]') 
ylabel('F2 [N]') 
xlim([0 1.6]) 
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grid on 
%Force F3 
subplot (2,2,2) 
plot(t,F(:,3),'k') 
xlabel('t [s]') 
ylabel('F3 [N]') 
xlim([0 1.6]) 
ylim([0 500]) 
grid on 
%Force F4 
subplot (2,2,3) 
plot(t,F(:,4),'k') 
xlabel('t [s]') 
ylabel('F4 [N]') 
xlim([0 1.6]) 
grid on 
% 
subplot (2,2,4) 
plot(t,F(:,5),'k') 
xlabel('t [s]') 
ylabel('F5 [N]') 
xlim ([0 1.6]) 
ylim ([-10 150]) 
grid on 
hold on 
 
------------------------------------------------- 

function D=SolverChuck(t,x) 
  
global m1 m2 m3 k1 k2 k3 k4 z0 w n c1 c2 c3 c4 e0 k51 k52  
% x(1) = x1      x(2) = x1' 
% x(3) = x2      x(4) = x2' 
% x(5) = x3      x(6) = x3' 
D = zeros(n*2,1); 
z = z0*cos(w*t); 
zprim =  -z0*w*sin(w*t); 
% 
F1=k1*(e0-x(1)); 
S1=c1*x(2); 
S2=c2*(x(2)+zprim-x(4)); 
S3=c3*(x(4)-x(6)); 
S4=c4*x(6); 
% 
F20=k2*(x(1)+z-x(3));  
if F20>0 
    F2=F20; 
else 
    F2=0; 
end 
% 
F30=k3*(x(3)-x(5));  
S3=c3*(x(4)-x(6)); 
if F30>0 
    F3=F30; 
else 
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    F3=0; 
end 
% 
F40=k4*x(5); 
if F40>0 
    F4=F40; 
else 
    F4=0; 
end 
% 
F50=k51*(x(1)-x(5)); 
if (x(1)-x(5))>0.014 
    F5=k51*(x(1)-x(5))+k52*(exp(x(1)-x(5))); 
else 
    F5=F50; 
end 
% 
D(1) = x(2); 
D(2) = (1/m1)*(F1-S1-F2-S2-F5); 
D(3) = x(4); 
D(4) = (1/m2)*(F2+S2-F3-S3); 
D(5) = x(6); 
D(6) = (1/m3)*(F3+S3-F4-S4+F5); 
  
end 
 
------------------------------------------------- 

function F=ForcesChuck(t,x) 
  
global k1 k2 k3 k4 z0 w e0 k51 k52 
% x(:,1) = x1      x(:,2) = x1' 
% x(:,3) = x2      x(:,4) = x2' 
% x(:,5) = x3      x(:,6) = x3' 
z = z0*sin(w*t); 
% 
F10=k1*(e0-x(:,1)); 
F10=F10.*(F10>0); 
F20=k2*(x(:,1)+z-x(:,3));  
F20=F20.*(F20>0); 
F30=k3*(x(:,3)-x(:,5));  
F30=F30.*(F30>0); 
F40=k4*x(:,5); 
F40=F40.*(F40>0); 
F(:,1)=F10; 
F(:,2)=F20; 
F(:,3)=F30; 
F(:,4)=F40; 
% 
F51=k51*(x(:,1)-x(:,5)); 
F52=k52*(exp(x(:,1)-x(:,5))); 
F52=F52.*(x(:,1)-(x(:,5))>0.014); 
F(:,5)=F51+F52; 
end 
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i) Implementation of DEV to the rotary hammer dynamic model with chuck spring 
 
clear; close all; clc; 
  
global  n w z0 mb m1 m2 m3 R r c1 c2 c3 c4 cy cR k1 k2 k3 k4 ky meq B T x 
e0 k51 k52 
 
n=8; %number of independent DOF 
w=100; % [rad/s] 
z0=0.01; %[m] 
e0=0.02; %[m] 
mb=0.1; m1=4.175; m2=0.075; m3=0.25; % [kg] 
R=0.05; r=0.0145; %[m]  
c1=20; c2=5; c3=5; c4=5; cy=20; %[kg/s] 
  
cR=4; %[1/s] 
k1=10000; k2=10000; k3=100000; k4=200000; ky=10000; %[N/m]  
k51=2000; k52=100; %[N/m] 
% 
B=(2/5)*mb*(r^2); 
meq=(R^2)*(mb+B/(r^2)); 
% 
tspan=0:0.005:600; 
x0=[0.005; 0; 0.02; 0; 2.8; 0; 3.2; 0; 2.8; 0; 3.2; 0; 0.001; 0; 0.002; 
0]; % Initial conditions 
% 
[T,x]=ode45('SolveSyst_chuck',tspan,x0); 
F=Forces_chuck(T,x); 
% 
%Plotting 
figure(1) 
subplot(3,2,1); 
plot(T,x(:,1)*1000,'k') 
xlabel('\tau [rad]') 
ylabel('x1[mm]') 
%xlim ([0 500]) 
%ylim ([4 16]) 
grid on 
% 
subplot(3,2,2); 
plot(T,x(:,3)*1000,'k') 
xlabel('\tau [rad]') 
ylabel('Y[mm]') 
xlim ([0 500]) 
grid on 
% 
subplot(3,2,3); 
plot(T,x(:,13)*1000,'k') 
xlabel('\tau [rad]') 
ylabel('x2[mm]') 
xlim ([0 500]) 
%ylim ([-3 5]) 
grid on 
% 
subplot(3,2,4); 
plot(T,x(:,15)*1000,'k') 
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xlabel('\tau [rad]') 
ylabel('x3[mm]') 
xlim ([0 500]) 
%ylim ([-1 2]) 
grid on 
% 
subplot (3,2,5) 
plot(T,x(:,5),'r') 
hold on 
plot(T,x(:,7),'k') 
xlabel('\tau [rad]') 
ylabel('\alpha 1,2 [rad]') 
legend('\alpha 1','\alpha 2') 
xlim ([0 500]) 
%ylim ([-1 5]) 
grid on 
% 
subplot (3,2,6) 
plot(T,x(:,9),'r') 
hold on 
plot(T,x(:,11),'k') 
xlabel('\tau [rad]') 
ylabel('\alpha 3,4 [rad]') 
legend('\alpha 3','\alpha 4') 
xlim ([0 500]) 
%ylim ([-1 5]) 
grid on 
% 
figure(2) 
subplot (3,2,1) 
plot(T,F(:,1),'k') 
xlabel('\tau [rad]') 
ylabel('F1[N]') 
xlim ([0 400]) 
%ylim ([40 160]) 
grid on 
% 
subplot (3,2,2) 
plot(T,F(:,2),'k') 
xlabel('\tau [rad]') 
ylabel('F2[N]') 
xlim ([0 200]) 
%ylim ([0 250]) 
grid on 
% 
subplot (3,2,3) 
plot(T,F(:,3),'k') 
xlabel('\tau [rad]') 
ylabel('F3[N]') 
xlim ([0 200]) 
%ylim ([0 400]) 
grid on 
% 
subplot (3,2,4) 
plot(T,F(:,4),'k') 
xlabel('\tau [rad]') 
ylabel('F4[N]') 
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xlim ([0 200]) 
grid on 
hold on 
% 
subplot (3,2,5) 
plot(T,F(:,5),'k') 
xlabel('\tau [rad]') 
ylabel('F5[N]') 
xlim ([0 200]) 
ylim ([0 150]) 
grid on 
hold on 
% 
subplot(3,2,6) 
plot(T,(x(:,1)-x(:,15))*1000,'k') 
xlabel ('\tau [rad]') 
ylabel ('x1-x3[mm]') 
xlim ([0 400]) 
grid on 
hold on 
 
------------------------------------------------- 

function D=SolveSyst_chuck(T,x) 
  
global w R z0 n mb m1 m2 m3 c1 c2 c3 c4 cR cy meq k1 k2 k3 k4 ky e0 k51 
k52 
% x(1) = x1      x(2) = x1'              % x(9) = a3       x(10) = a3'  
% x(3) = y1      x(4) = y1'              % x(11) = a4      x(12) = a4'  
% x(5) = a1      x(6) = a1'              % x(13) = x2      x(14) = x2'  
% x(7) = a2      x(8) = a2'              % x(15) = x3      x(16) = x3'  
% 
D=zeros(n*2,1); 
% 
z = z0*cos(T); 
zprim = -z0*sin(T); 
% 
F1=k1*(e0-x(1)); 
Fy=ky*x(3); 
S1=c1*x(2); 
S2=c2*(x(2)+zprim-x(14)); 
S3=c3*(x(14)-x(16)); 
S4=c4*x(16); 
Sy=cy*x(4); 
% 
F20=k2*(x(1)+z-x(13)); 
if F20>0 
    F2=F20; 
else 
    F2=0; 
end 
F30=k3*(x(13)-x(15));  
if F30>0 
    F3=F30; 
else 
    F3=0; 
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end 
F40=k4*x(15); 
if F40>0 
    F4=F40; 
else 
    F4=0; 
end 
F50=k51*(x(1)-x(15)); 
if (x(1)-x(15))>0.014 
    F5=k51*(x(1)-x(15))+k52*(exp(x(1)-x(15))); 
else 
    F5=F50; 
end 
% 
D(1) = x(2); 
D(2) = (1/(m1+4*mb))*((-
mb*R*(((1+x(6))^2)*cos(T+x(5))+((1+x(8))^2)*cos(T+x(7))+((1+x(10))^2)*cos
(T+x(9))+((1+x(12))^3)*cos(T+x(11))))+(F1-(S1*w)-F2-(S2*w)-F5)/(w^2)); 
D(3) = x(4); 
D(4) = 
(1/(m1+4*mb))*((mb*R*(((1+x(6))^2)*sin(T+x(5))+((1+x(8))^2)*sin(T+x(7))-
((1+x(10))^2)*sin(T+x(9))-((1+x(12))^3)*sin(T+x(11))))-Fy/(w^2)-Sy/w); 
D(5) = x(6); 
D(6) = (mb*R/meq)*(-D(2)*sin(T+x(5))-D(4)*cos(T+x(5))-(cR*R*x(6)/w)); 
D(7) = x(8); 
D(8) = (mb*R/meq)*(-D(2)*sin(T+x(7))-D(4)*cos(T+x(7))-(cR*R*x(8)/w)); 
D(9) = x(10); 
D(10) = (mb*R/meq)*(-D(2)*sin(T+x(9))+D(4)*cos(T+x(9))-(cR*R*x(10)/w)); 
D(11) = x(12); 
D(12) = (mb*R/meq)*(-D(2)*sin(T+x(11))+D(4)*cos(T+x(11))-(cR*R*x(12)/w)); 
D(13) = x(14); 
D(14) = (1/(m2*(w^2)))*(F2+(S2*w)-F3-(S3*w)); 
D(15) = x(16); 
D(16) = (1/(m3*(w^2)))*(F3+(S3*w)-F4-(S4*w)+F5); 
  
end 
 
------------------------------------------------- 

function F=Forces_chuck(T,x) 
  
global k1 k2 k3 k4 z0 e0 k51 k52 
% x(:,13) = x2      x(:,14) = x2' 
% x(:,15) = x3      x(:,16) = x3' 
z = z0*cos(T); 
% 
F10=k1*(e0-x(:,1)); 
F10=F10.*(F10>0); 
F20=k2*(x(:,1)+z-x(:,13));  
F20=F20.*(F20>0); 
F30=k3*(x(:,13)-x(:,15));  
F30=F30.*(F30>0); 
F40=k4*x(:,15); 
F40=F40.*(F40>0); 
% 
F(:,1)=F10;  
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F(:,2)=F20; 
F(:,3)=F30; 
F(:,4)=F40; 
% 
F51=k51*(x(:,1)-x(:,15)); 
F52=k52*(exp(x(:,1)-x(:,15))); 
F52=F52.*(x(:,1)-(x(:,15))>0.014); 
F(:,5)=F51+F52; 
end 
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Appendix B - Matlab simulations 

� Experiment 5.2: Effect of viscous damping coefficient 
Simulation parameters: ω=100 rad/s; z0=0.01 m; e0=0.02 m; mb=0.05 kg; m1=4.175 kg; 
m2=0.075 kg; m3=0.25 kg; R=0.05 m; r=0.0115 m; c1=20 kg/s; c2=5 kg/s; c3=5 kg/s; c4=2 
kg/s; cR=8 1/s; k1=10000 N/m; k2=10000 N/m; k3=100000 N/m; k4=200000 N/m.  

 

 
Figure 95. Experiment for cR=8 rad/s 
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� Experiment 5.3: Effect of viscous damping coefficient 
Simulation parameters: ω=100 rad/s; z0=0.01 m; e0=0.02 m; mb=0.05 kg; m1=4.175 kg; 

m2=0.075 kg; m3=0.25 kg; R=0.05 m; r=0.0115 m; c1=20 kg/s; c2=5 kg/s; c3=5 kg/s; c4=2 
kg/s; cR=0.5 1/s; k1=10000 N/m; k2=10000 N/m; k3=100000 N/m; k4=200000 N/m.  

 

 
Figure 96. Experiment for cR=0.5 rad/s 
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Appendix C - Rotary hammer assembly diagram 
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