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Adriana López Zazueta



3

Contents

1 Introduction 4

1.1 State of the Art . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.1.1 Reynolds < 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.1.2 Reynolds 15-50 . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.1.3 Reynolds 50-190 . . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.1.4 Reynolds 190-260 . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.1.5 Reynolds 260-1000 . . . . . . . . . . . . . . . . . . . . . . . . . 13

1.1.6 Reynolds 1000-200000 . . . . . . . . . . . . . . . . . . . . . . . 14

1.1.7 Vortex Induced Vibration . . . . . . . . . . . . . . . . . . . . . 14

1.1.8 VIV of multiple bodies . . . . . . . . . . . . . . . . . . . . . . . 18

1.2 Problem Statement . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

1.3 Design of the investigation. . . . . . . . . . . . . . . . . . . . . . . . . 20

2 Theoretical analysis 21

2.1 Fluid dynamics equations . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.1.1 Continuity equation . . . . . . . . . . . . . . . . . . . . . . . . 21

2.1.2 Momentum Equation . . . . . . . . . . . . . . . . . . . . . . . 22

2.2 Dimensional Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.3 Solid dynamics equations . . . . . . . . . . . . . . . . . . . . . . . . . 27

3 Numerical Methods 34

4 Implementation of a wind tunnel to recreate the phenomenon 44

4.1 Design of a VIV device . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

4.1.1 Determination of the springs constants . . . . . . . . . . . . . . 48

4.1.2 Calibration of the air bench . . . . . . . . . . . . . . . . . . . . 49

4.2 Implementation of the device . . . . . . . . . . . . . . . . . . . . . . . 52

4.3 Image Tracking Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . 58

5 Conclusion 77

5.1 Description of results . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

5.2 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

6 References 83

7 Annexes 87



4

1 Introduction

1.1 State of the Art

The study of vortex induced vibrations (VIV) has been of great concern to

many physicists and engineers in the field of fluid dynamics for decades.

The reason of this is the wide range of applications that the study of

this phenomena has. Including the aeronautic, structural and automotive

fields, the VIV has proven to intervene, sometimes negatively, in the per-

formance of great engineering projects. It is significant to determine the

fluid forces appearing on bodies immersed in a flow stream that undergo

VIV.

Despite the large number of experimental studies and recent numer-

ical analyses, there is still a lack of knowledge about the interaction of

the fluctuating forces on simple bodies, for instance a circular cylinder

interacting with a uniform flow.

An important experimental study was the one made to measure how

drag force in a cylinder changes as the flow regime increases. Those

parameters are defined with the drag coefficient and the Reynolds number

(Re). These adimensional numbers are defined in the following way:

cD =
FD

1
2ρU

2A
Re =

ρULc

μ
St =

fDLc

U
(1)

Where:

cD is the drag coefficient.

FD is the drag force.

ρ is the density of the fluid.
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U is the flow speed.

A is the body’s frontal area.

Re is the Reynolds number.

Lc is the characteristic length of the body (diameter for a cylinder).

μ is the dynamic viscosity.

The drag coefficient quantifies the drag of an object immersed in a fluid

environment in relation with its shape and determined flow conditions.

The Reynolds number is the ratio of inertial forces to viscous forces in the

fluid. As seen in figure 1, for low Reynolds numbers the drag tends to

decrease almost linearly until a Reynolds of the order of 102. In the range

of moderate Reynolds (102 < Re < 105) drag is basically a constant with

really small fluctuations. Later, when the flow turns turbulent the drag

coefficient spreads out due to emerging instabilities. It is important to

mention that this plot was made from experiments with static circular

cylinders.

When the Czech physicist Strouhal published his studies about the au-

dio excitation (1878), the studies of the vortex shedding started to cause

deeply interest among the scientific community. He related the the fre-

quency of the Aeolian tone with the relative air velocity and the diameter

of the cylinder using a proportionality constant that was afterwards named

as the Strouhal number- This important dimensionless number describes

the mechanism of an oscillating flow.

Subsequently, another important experimental study that describes the

relationship of the dimensionless number (St) with the Reynolds number

for static circular cylinders (figure 2). In the figure it is seen also that, in
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Figure 1: Variation of cylinder drag coefficient with Reynolds number. Source: Experi-
mental data from Incompressible Flow, Wiley-Interscience, New York (1984).

a range of moderate Reynolds (102 < Re < 105), the Strouhal number

maintains a constant value of approximately 0.2. Then, from Re = 105

the plot diverges and the data raise up or lower down depending on the

rugosity of the surface. Both studies are specially useful when defining the

behavior of studied phenomena. The dimensionless numbers depending

their magnitude give physical meaning to characterize determined proper-

ties of a system. So, the flow characteristics are implicit in the numbers.

Therefore, the results from these studies can be applied to many scenarios.

The first efforts to explain the behavior of VIV phenomenon were made

by Von Kármán (1911). In his study he observed that vortices, formed

at either side of a body immersed in a stream, had opposite directions of

rotation and were shed in a singular geometrical arrangement. The ob-

served vortices didn’t fuse with the outer flow and eventually were viscous
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Figure 2: Relationship between Strouhal number and Reynolds number for circular cylin-
ders. Data from Lienhard (1966) and Achenbach and Heinecke (1981). S-0.21 (1-21/Re)
for 40 < Re < 200, from Roshko (1955).

dissipated.

Further studies were driven in order to determine the flow forces acting

on bluff bodies as scientists noticed its practical need. They were improv-

ing the aircraft designs and developing new features to neutralize some

unsuitable motion during flights. Decades later, it was known that a flow

regime was present in the synchronization of the vortex formation and the

frequency of forced or induced oscillation of the cylinder. Experimental

studies measuring the flow velocities under given conditions were done to

characterize the vortex shedding through intervals of Reynolds numbers.

Griffin (1971) considered a quantitative approach to explain the changes

induced in the near wake by self excited or forced motion of the body at a

range of Reynolds from 120 to 350. The given measurements were used

to analyze the formation region and the mechanics of the wake. What

is an important result to allude to the investigation, is that an adequate
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transverse vibration of the cylinder in the close values of the natural vortex

shedding frequency, has important effects in the flow wake. The reduc-

tion of the formation length and the formation of a laminar stable vortex

street is extended until significantly higher values of Reynolds numbers,

that restrains the deterioration of the wake. Also, the velocity fluctua-

tion distribution of the wake is proven to be directly influenced by the

frequency and amplitude of the controlled oscillations. Finally, the char-

acterization of the laminar wake by a formation region, a stable region

and a unstable region in that order according to the flow.

Afterwards, many technological improvements, like the laser-induced flu-

orescence and PIV (Particle-Image-Velocimetry), have helped to under-

stand more the wake shedding (Williamson, 1996).

For better comprehension of the phenomena it is convenient to divide the

description of the flow behavior into two main groups. The first group will

present the classic Von Karman vortex street configuration for the ranges

of Reynolds number that are considered representative for the aims of the

study. It will focus mainly on the dynamics of the wake and the important

features of the street. It will not mention the interaction with the bluff

body neither consider any motion of it. The second group will show the

un-stationary solid in motion for the corresponding range of Reynolds and

its relevant conditions for the interaction with the fluid. Both sections will

include three different types of approaches that have been taken over the

last decades to characterize the system and obtain valuable information.
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1.1.1 Reynolds < 5

When the flow is mostly viscous driven, there is laminar behavior of the

flow that follows the contour of the cylinder with no separation in the

interface. The flow looks purely symmetrical upstream and downstream

the circular cylinder seen in figure 3. But that does not last too much. At

a Reynolds number of about 5 is when the laminar behavior of the flow

is being replaced by the formation of two symmetrical standing eddies in

the back of the cylinder according to Homann (1936).

Figure 3: Flow at Re < 5

1.1.2 Reynolds 15-50

During this stage it is visible the formation of two steady counter-rotating

vortices that are symmetric, as shown in figure 4. The length of the

vortices becomes function of the Reynolds number as it proportionally in-

creases with the increase of Re. In these vortices the flow is recirculating

around the bubble of formation, as scientists know the area of forma-
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tion, and continuously incorporates fluid layers from the outer layer. The

stream far above continues flowing backwards recovering its stability in

the stream-wise direction.

Figure 4: Flow at 15− 30 < Re < 50

1.1.3 Reynolds 50-190

From this range it is remarkable the change in the slope of the base suc-

tion, the drag caused by pressure difference in the back of the cylinder,

as a function of the Reynolds number with respect of the tendency shown

by the regime under 50 with a steady formation region (Henderson 1995).

It is visible that one of the vortices starts enlarging due to instabilities

that increase with Reynolds and so the re-circulation region extends from

one side and reduces from the other side and the laminar vortex shed-

ding begins (fig.5). It is noticeable that the stream lines past the cylinder

and the formation bubble become oscillating all the way downstream in a

periodic way. According to Williamson (1995), the measurement of the

appearing instabilities is possible by constantly increasing the slope of the
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wake velocity fluctuations and shortening the formation length so that the

instability gets closer to the bluff body.

Figure 5: Flow at Reynolds range 50-190

As reported by Provansal et al (1987), these instabilities begin as a con-

sequence of a Hopf bifurcation that refers to the local appearance or

disappearance of the equilibrium, or critical value, of a periodic ordinary

differential equations solution that describe a dynamic system. That equi-

librium changes stability when, the parameter value is varied by the right

or left, which means through purely imaginary eigenvalues that cross the

imaginary axis in the complex plane towards the the real part. It is also

stated that the behavior of the dynamical oscillating system, is varied in

threshold deviation, forcing frequency and amplitude as described by the

Stuart-Landau equation.

In agreement with Williamson (1996) there is an increase in the Reynolds

stresses, commonly employed to consider the numerous small turbulent

fluctuations in the flow momentum or quantify their effects integrally, in
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the unsteady re-circulation zone. As well as reduction in the formation

length, and the base suction and forces enhance with a growing Reynolds

number as shown in the computational simulations results of Henderson

(1995).

1.1.4 Reynolds 190-260

Conforming with Barkley et al (1995), precisely to three dimensional dis-

ruptions the wake develops into linearly unstable and highlights the fact

that the subsequent instability arises next to the point where the total

drag curve tended to increment, thereby the Drag Coefficient starts to

decrease until it reaches a Reynolds number of around 1000.

The discontinuities according to Williamson (1988b), could be a con-

sequence of the change in Strouhal number. But also, due to the increase

of base suction (Williamson & Roshko 1990). The vortices start acting

upon each other, so that the one increasing more rapidly pushes the other

one in formation and deforms its re-circulation flow. Hence, it retracts

its formation region and increases the bubble while the other becomes

detached downstream as shown in figure 6.

Figure 6: Flow at Reynolds range 190-260
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Later, as Reynolds increases, there is a progressive energy exchange

and due to the reciprocal deformation, the vortex width or amplitude turns

smaller as the stream drags. As reported by Roshko (1954), the frequency

of fluctuation of the wake velocity is small as an effect of “local shedding-

phase (vortex) dislocations along the span” as Williamson (1992) states.

1.1.5 Reynolds 260-1000

At the beginning there is a clear peak in the base suction and it shows

a relation with the other peak in Reynolds stresses (Williamson 1995a).

Saving the thin vortices shed at these Re values, the unsteady shedding

acquires a notably similar behavior to the formation at the laminar phase

as seen in figure 7. It is also stated, that the supposed resonance occurs

as a consequence of “shear layer-wake interactions”.

Figure 7: Flow acquiring turbulent behavior

Posterior, there is a reduction in the base suction corresponding the

increment of Re, and again and enlargement of the formation length (Unal



14

et al 1988, Williamson 1995a).

1.1.6 Reynolds 1000-200000

The wake at this regime narrows and turns completely chaotic as the

laminar boundary layer undergoes turbulent transition, as seen in figure 8.

According to the experimental data obtained by Norberg (1994), starting

this regime the plot was a function of the Reynolds number, the base

suction coefficient reaches a local minimum (Cpb =-0.78), meaning that

there is subsequent increment until the end of the interval. At the same

time, the Strouhal number reaches a local maximum (St=0.211-0.212),

and similarly decreases until the same limit. In fact, both plots appear to

have similar inverse slopes. And there was also found a strong relationship

with the formation length of the mean re-circulation region as it shows to

have a local maximum at that point as well. The observed trends arise

due to the unstable evolve of shear layer separation that occurs in the

cylinder extremes (Williamson 1996). As Braza et al (1986) reports, the

increase in base suction as with the Reynolds stresses is due to a Kelvin-

Helmholtz instability. It happens at the interface of two streams with

a velocity difference and later is enhanced by the difference in pressures

from the high pressure zone to the low pressure zone as in the principle

of Bernoulli.

1.1.7 Vortex Induced Vibration

After all the vortex dynamics analysis and characterization of the wake,

the interaction between the bluff body and the fluid in relative motion
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Figure 8: Flow fully turbulent

gets more complicated as the response of the cylinder is relevant in the

total energy transfer. That response is the result of a boost that happens

when the velocity of the flow goes up and the frequency of the vortex

shedding approaches more to the natural frequency of the cylinder. As

previously mentioned the change in pressures caused by the vortices of the

wake acts on the cylinder’s surface causing the body to vibrate in different

modes and also generating modes of vortex formation.

Much of the fundamental research on VIV has been performed with a

rigid cylinder elastically mounted at both ends such that the response is

uniform along its length while in the majority of applications the response

varies along the cylinder axis. Clearly there is a need for an appreciation

of the similarities and differences in the responses for these two cases.

One of the fist attempts for the observation of the phenomenon was

made by Parkinson (1974), when he used the classic vibration system of a

mass, a spring and a damper. The oscilation was given by the force that

exerted the fluid on the interface once the vortex shedding began. He
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analyzed the transverse component in motion considering that the fluid’s

exerted force and the body’s reaction force had the same frequency in a si-

nusoidal function and had a phase angle in between that constantly shifted

both of them. Feng (1968) observed a strong relationship between the

cylinder’s reaction amplitude and the phase of the pressure variations in

reference with the oscillation of the body. Zdravkovich (1982) proved that

a sensible change in phase angle between transverse component and shift

as a consequence of resonance happened simultaneously with a change in

the timing of vortex shedding.

After the relevant measurements shared by Feng (1968), of reaction

forces and pressures for a cylinder that was elastically set up, the latest

results have diverged a lot since the cylinder, at multiple times its natural

frequency, is able to likely oscillate with a large amplitude.

A question that had drawn the attention of the VIV investigators is,

how is the maximum amplitude of response related to the system’s mass

and damping? There were some important analysis with this information

made by Griffin (1970) and later referred as Griffin plots by Khalak and

Williamson (1999) where the amplitud was presented as a function of a

proportional parameter of mass and damping.

An important result that Bearman (1984) observed was the very sim-

ilar frequency that the vortex shedding, in a static case of the cylinder,

has with the one at resonance of the body’s vibration and the natural

frequency of the system. This is valid when the so called mass ratio is

high, the ratio of the bluff body’s mass to the one of displaced fluid.

Time ago it was proposed by different researchers that the Reynolds
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number was not a relevant factor in matters of vortex-induced vibrations

under the argument that its variation had no more repercussion when the

motion begins. Nevertheless, the work of Klamo et al. (2005) and later

Govardhan and Williamson (2006) proved in fact with a set of experiments

and numerical methods, that an increase of the Reynolds number affected

the maximum amplitude of reaction of the body, when the product of mass

ratio and critical damping approximates to zero.

The studies of free vibrations that undergoes an elastically mounted

cylinder have generated a lot of valuable information. Nevertheless, an

slightly increment in the speed of the fluid may cause big alterations in

the amplitude of vibration of the body and therefore in the shedding of

the vortices.

For that reason, it has resulted convenient to study forced vibrations of

a structure because it is possible to have some control of the frequency and

amplitude of vibration. Even though the study requires more attempts to

track the ideal conditions that enhance the energy transfer between fluid

and solid.

While studying the forces involved when the cylinder vibrates harmon-

ically or with multiple frequencies, researchers used to separate the trans-

verse component into a component that is in phase with the velocity and

another that is in phase with the acceleration, later known as added mass.

While analyzing the retrieved experimental data of sinusoidal forced

vibrations of a cylinder transverse to a fluid flow, Sarpkaya (1978) released

the important transverse force coefficients.

The work of Williamson and Roshko (1988) focused on the transforma-
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tion of many different vortex wake configurations into sinusoidal functions

varying their parameters. They characterized as well the vortex fusion and

the multiple formation per cycle. For instance, when the amplitudes of

the cylinders vibration is about a half of the diameter, the patterns of

vortex formation diverge from the classical description of Von Karman

vortex street

1.1.8 VIV of multiple bodies

Another important and common case of study in this subject is the arrays

of cylinders, like the ones that conform a crossflow heat exchanger or

the fins of a heat dissipator. This devices do not necessarily respond like

a single cylinder in terms of the interaction with the fluid stream. The

big complication in that case is the numerous factors that intervene and

might not be related to each others. It opens the way to many possible

approaches to implement in order to reduce the unknowns of these sys-

tems.

Firstly, Bearman and Wadcock (1973) studied the interaction of a set of

two parallel cylinders next to each others immersed in a fluid stream. They

noticed, when the cylinder’s length is the same or double its diameter, an

unsteady inclination of the middle part flow to the wake formation region

of a cylinder with no specific preference. It caused a dissimilarity in the

drag forces acting on the bodies.

Recent studies focused on the set of two cylinders, one in front the other.

As Hover and Triantafyllou (2001) results indicated, a big separation be-

tween both cylinders, the one downstream with one degree of freedom
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perpendicular to the flow, showed unaffected response by the upstream

cylinder. It behaved normally vibrating. In the case of a short distance

between the cylinders, the shear layer that detached from the one in front

merged with the cylinder at the back and affected directly its oscillation

mode.

An interesting result obtained by Bearman (2010) that is related to the

previous mentioned measurements, is that when the back cylinder moves

transversely to the flow it experiences a force that restores the cylinder to

the location with the centres aligned, providing a stable behavior of the

arrange.

1.2 Problem Statement

The phenomena of VIV is present in multiple scenarios and is directly or

indirectly responsible of fatigue damage and failure in many engineering

structures. Thus, the elimination of VIV is still of great concern among

the scientific community and engineers have to design around VIV as the

complexity of the engineering projects have increased exponentially with

the time. For that reason it has became fundamental to predict the shed-

ding of vortices, as seen in the studies presented in the previous section

of this document. A circular cylinder is the most common shape of study

of this phenomena. It appears more than any other in the scenarios when

comes to fluid-solid interaction. Although, the principle is the same with

all the bluff bodies. There are always some fluctuating lift and drag forces

with the cross flow. The first one occurs perpendicular to the inflow ve-

locity and the second one parallel. From the 2S mode, two single vortices
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per cycle, such as Von Karman Vortex Street, the lift force oscillations

happen at the frequency of the vortex shedding and the ones in drag force

occur at twice that same frequency. However, the considered Reynolds

regime in this work is far above the laminar Von Karman wake formation.

Therefore, the force-frequency behavior is unknown. For convenience, the

case that is contemplated in this work is the elastically mounted rigid

cylinder with restrained motion in the transverse direction.

The questions that are tried to answer are the following:

1. What amplitudes can a vibrating cylinder attain?

2. What forces is the cylinder in motion undergoing?

2. What frequencies dominate the dynamics of the cylinder?

1.3 Design of the investigation.

In order to make a feasible approach of the Vortex Induced Vibration

and to present a complete panorama for its correct comprehension, the

work contains different resources. It has been supported with analytical

expressions such as derived equations.Subsequently, to back up and put in

practice the reviewed information it was set an experiment of an elastically

mounted cylinder in an air bench. From this, some valuable set of data was

obtained. Afterwards, the implementation of numerical methods based on

fundamental equations was considered due to the complexity of the task.

And to benefit from the retrieved experimental data, the conditions of

the experimental array were brought into the code. In this way the results

could get closer to the reality and a comparison between experimental and

numerical results could be generated.



21

2 Theoretical analysis

The Navier Stokes equations for a Newtonian fluid that describe the prob-

lem in a differential form are developed in this section. These equations

represent the basis to comprehend the behavior of the fluid particles as a

continuum under some circumstances. With well defined boundary condi-

tions and known initial conditions, certain results could be obtained from

them. Either analytically by making valid simplifications or numerically

with support of computational power by averaging and approximating to

meaningful values.

2.1 Fluid dynamics equations

2.1.1 Continuity equation

The continuity equation or conservation of mass in vectorial notation is:

∂ρ

∂t
+∇ · (ρ�u) = 0 (2)

Where:

ρ is the density of the fluid.

t is the time.

�u is the velocity vector.

∇ is the gradient operator.

For a two dimensional, incompressible fluid case the local term is ne-

glected, the density becomes a constant and the components are just

two. So at the end turns out the divergence of the velocity equals zero.



22

The dimensionless form of the equation is:

∂u∗

∂x∗
+

∂v∗

∂y∗
= 0 (3)

Where the dimensionless variables:

�u∗ = �u
U0

V ecx∗ = �x
D

∇∗ = D∇.

U0 is a characteristic flow speed.

D is a characteristic length.

2.1.2 Momentum Equation

These are the Newton’s second law for fluids that contain all exerted inner

and outer forces.

ρ
D�u

Dt
= −∇p+ μ∇2�u+ ρ�f (4)

Where:

μ is the dynamic viscosity.

p is the pressure.

�f is a force vector field.

The first term of eq. 4, namely the material derivative, contains the local

and advective accelerations of the fluid. It is expressed in that way for

convenience to follow the change of a particle’s property, the velocity for

instance, as in the Eulerian fluid field description.

The next two terms to the right of the equal sign stand for the inner

forces of the fluid that has to do with the interaction of its particles, as
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collisions and friction. The pressure term stands for the inner forces acting

on the interface, the component normal to the surface of the body. The

viscous force is the tangential component. It represents the ratio of the

shearing stress to the velocity gradient in a fluid. As the fluid layers flow

with different velocities a resistance appears.

Then, the last term are the forces exerted from an external source as

the gravitational field or a magnetic field.

Expanding the material derivative and neglecting the body forces, the

momentum equation becomes:

ρ[
∂�u

∂t
+ �u · ∇�u] = −∇p+ μ∇2�u (5)

Employing for convenience the vectorial identity ∇ · (�u�u) = (�u · ∇)�u +

�u(∇ · �u) and recalling that the divergence of the velocity vector equals

zero for an incompressible flow of the section ??, the equation can be

formulated as follows:

ρ[
∂�u

∂t
+∇ · (�u�u)] = −∇p+ μ∇2�u (6)

Then, with the use of the same previous dimensionless variables of section

2.1.1 plus the new ones τ = t
D/U0

andϕ = p
ρU2

0
the dimensionless equation

turns.

ρU 2
0

D
[
∂�u∗

∂τ
+∇∗ · (�u∗�u∗)] = −ρU 2

0

D
∇∗ϕ+

μU0

D2
∇∗2�u∗ (7)

Finally, dividing each term of the equation by ρU2
0

D , the dimensionless non-
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conservative form of the momentum conservation equations reads:

∂�u∗

∂τ
+∇∗ · (�u∗�u∗) = −∇∗ϕ+

1

Re
∇∗2�u∗ (8)

Applying the same simplifications as with the continuity equation, the

resultant equations for each dimensions are:

∂(u∗)
∂τ

+
∂(u∗u∗)
∂x∗

+
∂(u∗v∗)
∂y∗

= − ∂ϕ

∂x∗
+

1

Re
[
∂2u∗

∂x∗2
+

∂2u∗

∂y∗2
] (9)

∂(v∗)
∂τ

+
∂(u∗v∗)
∂x∗

+
∂(v∗v∗)
∂y∗

= − ∂ϕ

∂y∗
+

1

Re
[
∂2v∗

∂x∗2
+

∂2v∗

∂y∗2
] (10)

.

In order to solve for this fluid-solid interaction problems, the numerical

methods should be implemented due to the complexity of the equations.

One can develop feasible results that approximate enough to the real

solution. The computational power has to do a lot with the reduction of

the error in the operations.

2.2 Dimensional Analysis

The dimensional analysis has proven to be an effective way to reduce the

number of experimental variables that play a role in physical phenomena,

and therefore it reduces their complexity. Everything procuring the di-

mensional homogeneity. Analytical solutions for fluid mechanics problems

are commonly difficult to obtain due to geometrical and physical factors.

Hence experimental and also numerical methods are used to study them

and get information from their behavior. So, in order to present that set

of data in a more comprehensive and dense way, as in graphical represen-
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tation; dimensionless quantities are employed.

The difference in the number of dimensional and dimensionless vari-

ables is normally the number of fundamental dimensions that describe the

problem. For the problems in fluid mechanics with constant temperature,

these dimensions are mass M, length L and time T.

If it is wanted to define a force coefficient from dimensional analy-

sis, F = f(D, u, ρ, μ), by applying the Pi theorem, the number of rele-

vant variables is N=5 and the number of fundamental dimensions is R=3

(M,L,T). Thus, the number of non-dimensional groups is P=N-R=2.

The problem with the considered variables is shown in the following

figure: A two-dimensional cylinder with diameter D, is immersed in a

Figure 9: Problem sketch

fluid stream with velocity u and constant properties μ and ρ. The flow is

constantly impacting the cylinder’s surface.

The analysis is presented in table 1, in which every row represents

a step of reduction of dimensions for each variable in the five columns.

The operation is the elimination of a dimension contained in any desired

variable and there is no strict sequence to follow.
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F [ML/T 2] D[L] u[L/T ] ρ[M/L3] μ[M/LT ]

F/ρ[L4/T 2] D[L] u[L/T ] - μ/ρ[L2/T ]

F/ρu2[L2] D[L] - - μ/ρu[L]

F/ρu2D2[−] - - - μ/ρuD[−]

Table 1. Dimensional Analysis

The obtained non-dimensional numbers are the Reynolds number and

the Drag Coefficient. The Reynolds number Re = ρuD
μ is simply the ratio

of inertial forces over viscous forces. This normally tells how close is the

flow to get turbulent when the inner friction of the fluid is not capable

of maintaining a balance with the momentum that the particles contain.

The Drag coefficient allows to measure the resistance of any bluff body

undergoing a flow stream. Both numbers are associated with a surface

area that is obtained with the characteristic length of the body, which is

the diameter of the sphere.

Hence, from this analysis it is possible to know that a force coefficient

as the Drag Coefficient is a function of the Reynolds number, CD =

f(Re). This result is frequently observed in many experimental plots in

logarithmic form that show the inverse relation at low Reynolds values

followed by a transition of constant Drag and later an instability at high

values.

In order to make a dimensional analysis to an elastically mounted cylin-

der, one would need to take into consideration variables related to its

structural properties such as the mass per unit length, damping and stiff-

ness. Subsequently, they could be introduced in the dimensionless param-

eters like mass ratio, the ratio of structural mass to the mass of displaced
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fluid, fraction of critical damping and reduced velocity for instance. As

previously mentioned, the consideration of parameters may vary depending

on the authors criterion.

When determining maximum VIV amplitude, in addition to damping,

an important parameter is the mass ratio. For structures in water this

can be two to three orders of magnitude smaller than that typically found

in air. For a given damping level, as mass ratio reduces, the interaction

between the fluid and the structure is bigger leading to larger amplitudes

of vibration over a wider range of flow speeds.

2.3 Solid dynamics equations

In this section, it will be explained the complete process of the computer

aided analysis. Starting from the description of the dynamics of the sys-

tem, to the finite difference method that was employed for the solution

of the equations and the obtainment of the results.

First, for the given two dimensional dynamic problem, it was consid-

ered a system with three degrees of freedom that consist in a horizontal

displacement, a vertical displacement and a rotation around the center of

the cylinder, as shown in the figure 10. The analysis of the problem with

the equations of Newton is based in the motion of the bodies to later

deduce the forces or vice versa. It works great for simple systems. But as

the complexity of the problem increases the vectoral equations turn hard

to manage and the constraints difficult to define. On the other hand, the

method of Lagrange helps to avoid some constraints, solving for acceler-
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Figure 10: Configuration of the dynamic problem

ations and deals with scalar equations. So, it is about the use of kinetic

and potential energy and solving for the given inertial velocities.

The equation of Lagrange to derive the desired equations of motion is

the following:

d

dt
(
∂T

∂q̇i
)− ∂T

∂qi
+

∂V

∂qi
= Qi (11)

Where:

T is the Kinetic Energy

V is the Potential Energy

q is the generalized coordinate

Q is the non-conservative force

In order to determine the terms of energy, the relations of the motion

of the body with the elongation of the springs must we obtained.

In Cartesian’s coordinates from figure 10 the elongations of the springs
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are:

l1 =
√

(−x1 + [x−R cos(α)])2 + (y −R sin(α))2 (12)

l2 =
√
(x2 − [x+R cos(α)])2 + (y +R sin(α))2 (13)

Given in terms of the position of the fixed ends of the springs, the radius

of the cylinder R and the angle α, between a reference diameter of the

cylinder and the horizontal axis. With the angles of the springs dependent

on cylinder’s position.

tan θ1 =
y −R sinα

−x1 + [x−R cos(α)]
(14)

tan θ2 = − y +R sinα

x2 − [x+Rcos(α)]
(15)

Subsequently, the kinetic energy of the system is defined as:

1

2
[mẋ2 +mẏ2 +Bα̇2] (16)

Being:

m, the mass of the cylinder.

B = mR2

2 , the mass moment of inertia of the cylinder.

Additionally, the potential energy is expressed as:
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1

2
[k1(ΔL1)

2 + k2(ΔL2)
2 +mgy] (17)

Being:

k1 and k2 the spring constants

And ΔL1 = l1 − l01,ΔL2 = l2 − l02, the elongation of the springs.

Then, as the energy terms are defined the calculation of their deriva-

tives has to be done to according to the equation of Lagrange.

d

dt
(
∂T

∂ẋ
) = mẍ (18)

d

dt
(
∂T

∂ẏ
) = mÿ (19)

d

dt
(
∂T

∂α̇
) = Bα̈ (20)

∂T

∂q
= 0 (21)

∂V

∂x
= −k1(R cosα− x+ x1)ΔL1

l1
− k2(−R cosα− x+ x2)ΔL2

l2
(22)

∂V

∂y
=

k1(y −R sinα)ΔL1

l1
+

k2(R sinα + y)ΔL2

l2
+mg (23)
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∂V

∂α
=
(k1l01R sinα)(x1 − x)

l1
+

(k2l02R sinα)(x− x2)

l2

+ k1R sinα(x− x1) + k2R sinα(x2 − x) + k1yR cosα(
l01
l1

− 1)

+ k2yR cosα(1− l01
l1
) (24)

Later, after some algebraic manipulation of the terms, it is obtained the

equations of motion 25, 26 and 27.

mẍ+(k2b−k1a)x+(k1a−k2b)R cosα+x1k1a−x2k2b = Fflow,x (25)

mÿ + (k2b− k1a)y + (k1a+ k2b)R sinα +mg = Fflow,y (26)

Bα̈− (k1a+ k2b)xR sinα + (k1a+ k2b)yR cosα + x1R sinαk1a

+ x2R sinαk2b = Mflow (27)

With:

a = (l01/l1)− 1

and

b = 1− (l02/l2)

Finally, in order to normalize the equations for obtaining the results, some

dimensionless variables were proposed. The dimensionless displacements

in the three degrees of freedom are:
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ξ =
x

H
, η =

y

H
, r =

R

H

L01 =
l01
H

, L21 =
l02
H

, L1 =
l1
H
, L2 =

l2
H
,

Where H = −x1 = x2, considering x1 is the same length as x2 for

practical reasons.

It was also defined an average spring constant k̄ and a characteristic

angular frequency ω, as follows:

k̄ =
1

2
(k1 + k2), ω =

√
k̄

m

Introducing the previous variables in the equations 25, 26 and 27, the

equations of motion become:

m
∂2ξ

∂t2
+ (k2b− k1a)ξ + (k1a− k2b)r cosα− k1a− k2b =

Fflow,x

H
(28)

m
∂2η

∂t2
+ (k2b− k1a)η + (k1a+ k2b)r sinα +

mg

H
=

Fflow,y

H
(29)

mr2

2

∂2α

∂t2
+(k1a+k2b)(ηr cosα−ξr sinα)+(k2b−k1a)r sinα = 0 (30)

Then, in order to fully normalize the equations of motion, the dimension-

less variables κ1, κ2 (dimensionless springs stiffness) and τ (dimensionless
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time) were also proposed:

κ1 =
k1
k̄
, κ2 =

k2
k̄
, τ = ωt,

At the end, after factorizing the terms and introducing the dimensionless

time and stiffness, the equations of motion obtained from the method of

Lagrange are the following:

∂2ξ

∂τ 2
− aκ1(1 + [ξ − r cosα])− bκ2(1− [ξ + r cosα]) = Γflow,x (31)

∂2η

∂τ 2
+ aκ1(−η + r sinα) + bκ2(η + r sinα) = Γflow,y − λ (32)

∂2α

∂τ 2
− 2aκ1

r
(1 + [ξ − r cosα] sinα + [−η + r sinα] cosα)

+
2bκ2

r
(1− [ξ + r cosα] sinα + [η + r sinα] cosα) = ζflow (33)

Where:

Γflow,x =
Fflow,x

Hk̄
is the retrieved dimensionless transverse component of

the force.

Γflow,y =
Fflow,y

Hk̄
is the retrieved dimensionless in-line component of the

force.

λ = mg
Hk̄

is the retrieved dimensionless weight term.

ζflow =
Mflow

H2k
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Notice that the gravity term g is a negative value, as the gravitational

acceleration pulls down. Therefore, the term λ actually adds to the y-

component of the force. Also, the coefficients a and b remain the same

as in equations 25, 26 and 27, because both were already dimensionless

and the lengths l1, l2 and l01, l02 were normalized with the same constant

length H.

Normalized equations 31, 32 and 33 define the motion of a two-

dimensional cylinder that undergoes an external force in the x and y di-

rection and they are valid in any set of values for the contained variables.

3 Numerical Methods

The relationship between the vortex and the cylinder’s mechanics occurs

as those fluctuating forces interact with the opposition of the body and

define the mode of vibration.

Later, the code was developed using a computational algebra system

called Matlab that with the help of some functions makes simpler the job

of programming.

The employed method was Runge-Kutta of order 4 to solve for a second

order differential equation system. It is frequently used in practice and

is relatively accurate to find an approximation. This procedure is derived

from the method of Euler, which produces an error that accumulates as
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h increments in the integration. It consists as follows:

dx

dt
= f(x, t) (34)

With the initial condition that x(t0) = x0. It is selected a step value that

is used to calculate the coefficients defined as:

γ1 = Δtf(t, x) (35)

γ2 = Δtf(t+ 1/2Δt, x+ 1/2γ1) (36)

γ3 = Δtf(t+ 1/2Δt, x+ 1/2γ2) (37)

γ4 = Δtf(t+Δt, x+ γ3) (38)

Then, the value of x at the instant t + h can be approximated with the

following formula:

x(t+Δt) = x(t) + 1/6(γ1 + 2γ2 + 2γ3 + γ4) (39)

One ODE order two is equivalent to 2 ODEs of order one. In the case

of the obtained equations 31,32 and 33, they are second order ODEs.

Hence, it was required to solve for a six equations system arranged in the
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following vector:

Y =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

x

v

y

w

α

β

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

With:

∂x

∂t
= u(x, y, α)

∂y

∂t
= v(x, y, α)

∂α

∂t
= ω(x, y, α)

dY

dt
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

u

f2

v

f4

ω

f6

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∂x
∂t

∂2x
∂t2

∂y
∂t

∂2y
∂t2

∂α
∂t

∂2α
∂t2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= F

dY

dt
= F (x, u, y, v, α, ω) (40)

Y n+1 = Y n +
1

6
(γ1 + 2γ2 + 2γ3 + γ4) (41)
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Figure 11: Solution for free oscillation in x direction

With the coefficients:

γ1 = hF (x, u, y, v, α, ω) (42)

γ2 = hF (Y n +
1

2
γ1) (43)

γ3 = hF (Y n +
1

2
γ2) (44)

γ4 = hF (Y n + γ3) (45)

At Y (; , 1) the initial conditions were set. The number of columns in the

matrix Y n defines the rank extension when plotting the results and the

shorter the h, the better the approximation.

As a first step in this analysis, in order to understand the natural or free

behavior of the cylinder-springs system, the following force terms Fx,flow



38

Figure 12: FFT free oscillation in x direction

Figure 13: Solution for free oscillation in y direction
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Figure 14: FFT free oscillation in y direction

Figure 15: Solution for free oscillation in α direction
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Figure 16: FFT free oscillation in α direction

Figure 17: Position x vs y
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Figure 18: Position x vs α

Figure 19: Position y vs α
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and Fy,flow had been set to zero. That means that the next figures present

a free vibrations scenario.

The motion in this computational analysis was given by an initial lit-

tle displacement. The initial condition was x + dx, y + dy + α + dα,

with the three coordinates starting from the equilibrium position and the

increments of 0.1, 0.1, 0.01 respectively.

Fig. 11 describes the horizontal position of the cylinder’s center as a

function of time. It presents a periodic signal with an amplitude of around

0.1.

Fig. 12 presents the dimensionless frequency spectrum of the signal in

fig. 11 with the use of the fast Fourier Transform (FFT) operator. As the

graphic is also in normalized form, the frequency’s range goes from 0 to

1. The value of the frequency for the horizontal displacement is 0.2155.

Fig. 13 describes the vertical position of the cylinder’s center as a

function of time. It presents a periodic signal with an amplitude of around

0.1.

Fig. 14 presents the dimensionless frequency spectrum of the signal

in fig. 13. The value of the frequency for the vertical displacement is

0.1144.

Fig. 15 describes the reference diameter of the cylinder’s center as a

function of time. It presents a periodic signal with maximum amplitude

of around 0.32.

Fig. 16 presents the dimensionless frequency spectrum of the signal in
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fig. 15. In this case, there are two relevant frequencies for the angular

displacement shown in the peaks that are 0.2155 and 0.4597.

Figs. 17-19 present the phase-space diagrams for the three possible

combinations of x, y and α, the degrees of freedom of the system. They

represent the possible states that the system sweeps during its natural

response for the provided initial conditions.

As we could notice the frequency of the plot in figure 11 is greater

than the one of figure 13, about double the frequency. Also the period

can be distinguish from both graphs.
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4 Implementation of a wind tunnel to recreate the

phenomenon

The recreation of the Vortex Induced Vibration in a controlled environment

was considered an exceptional option to gather more valuable information

concerning the behavior of the cylinder and at the same time being able

to appreciate the interaction of the solid and the fluid live to provide a

better comprehension of what happens at the interface. Also, it could

generate more questions to answer in future researches.

For these aims, it was taken into account a wind tunnel that was

available within the laboratories of the University, it was decided to employ

it as the stream provider. The air bench uses a fan that sucks the air from

the outside and transfers it along the duct towards an exhaust outlet above

the test area. There is also a valve that is used to control the discharge

of air and therefore the output speed.

To ensure that the stream that exits the duct is laminar, i.e. the par-

ticles flow in layers adjacent to other layers with no mixture, the exhaust

has within a flow straightener with the shape of a honeycomb that as

the name suggests reduce the vortices and straightens the streamlines for

better results. The aperture of the outlet is rectangular with the purpose

of connecting the end with various accessories that have an individual

function for the required research target.
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4.1 Design of a VIV device

There was a need to design a device capable of delivering the flow from the

air bench to a cylindrical shaped piece that not necessarily was attached at

one end. The stiffness of a beam for instance could be replaced with the

stiffness of a spring. So in exchange the natural bending of the solid along

its transverse area, that is commonly seen in most of the real scenarios,

could be performed by the displacement of a spring. That resulted a lot

more convenient for the size-reduced conditions that were intended for

the experiment. To be fitted with the end of the duct, the accessory

was designed with the same rectangular shape and taking care of the

dimensions. Any abrupt change in transverse area alters the behavior of

the stream by creating suction, vortices and therefore the interaction with

the cylinder could be affected. Also, that same problem causes undesired

velocity fluctuations.

Another consideration was the need to observe the oscillation of the

cylinder with a 2D perspective such as the numerical and analytical anal-

ysis. For that reason the employed material had to be trans-lucid. Also

concerning the material, first it was proposed the use of plastic film as a

front cover. But then the idea was rejected because of its poor stiffness,

and with the difference of pressure inside and outside the accessory it

would have been sucked in. So, it was selected an acrylic shield of 4 mm

of thickness to conform the structure of the accessory. In addition, the
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frame that hold together all the walls, was made of the same material and

adhered with an acrylic solvent that inhibit the air leak from the joints.

The simplicity of the design was seek because there were limited manu-

facture processes available for its construction. The walls of the accessory,

the frame and the subjection members were modelled first in Catia V5.

Later, the acrylic pieces were drawn in AutoCad as a 2D layout to be

laser cut. The two subjection members were made of nylamid and worked

with the milling cutter to reach the desired dimensions. Then, there was

included a blast holes in each member where the tunnel guides of the end

of the duct are inserted and maintain fixed the accessory.

For the cylinder that was used as the bluff body, there were used 2

options. The first one was a solid nylamid cylinder and the second one a

plastic hollow cylinder that has naturally a lower mass moment of inertia

that the solid one. Both contain 4 little hooks along the lateral surface

that are attached to the springs. The number of the springs and their

locations were intended to reduce the degrees of freedom of the system

and enhance just the desired motion. The final setup of the oscillation

device attached to the air-bench is shown in figures 20 and 21- One

can notice that the front face of the device presents the two-dimensional

system.
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Figure 20: Oscillation device

Figure 21: Oscillation device
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4.1.1 Determination of the springs constants

In order to maintain a stable motion while the vibration is occurring, the

forces exerted by the four springs should have been equal in magnitude

and in opposite direction the left pair from the right pair. So that in

equilibrium the cylinder was aligned with the walls of the accessory. Also,

in performance the forces exerted by the vortex shedding distribute equally

along the cylinder.

To achieve this objective the employed springs needed to have the

same stiffness. The expression that defines the so called restoring force F

exerted by a spring that suffers a elongation ΔL is the following Hook’s

law:

F = −kΔL (46)

With k being the spring stiffness constant. As it was intended to

determine the constant, the applied Force was known by using measured

weights and its corresponding displacement was determined with a height

gauge. Increasing the load gradually it was possible to adjust a curve of

the force as a function of the elongation by using the linear regression

method fro instance. The slope of the curves stand for the constant of

the springs as seen in the following graph:

The retrieved values of the spring stiffness were very similar but in
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Figure 22: Stiffness of the springs

order to avoid enhancing the other degree of freedom with the system in

motion, the springs were attached to the cylinder in the way that both

sides have similar stiffness back and forth. So, the three dimensional

experimental results could approach to the two dimensional analytic and

numerical analysis.

4.1.2 Calibration of the air bench

As it is important to characterize the vortex shedding in different flow

regimes, the determination of the fluid’s velocity had to be done. Those

flow regimes are presented normally as a function of the Reynolds number

Re. This adimensional number represents the ratio of Inertial Forces over
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Viscous Forces. That means that it goes from a very low velocity when

the viscous forces dominate and the flow is completely laminar to a high

velocity when the inertial forces dominate and the flow behaves irregular.

That was particularly helpful for the aims of the study because it could

indicate when the vortex shedding started.

The valve that regulates the air passage was used to increase the inten-

sity of the stream and it was measured and plot as function of its opening

angle.

In order to measure the velocity at the center of the duct which is

the maximum velocity and subsequently the average flow velocity it was

employed a Pitot tube pointing directly upstream into the flow.

This device can translate the difference of static and dynamic pressure

into a flow velocity by using the conservation principle of Bernoulli. It is

valid as long as the fluid is incompressible or behaves in that way, the flow

is steady, and friction could be neglected.

Considering first the streamline that goes from point 1, right at the air

exhaust of the tube, to point 2 at the tip of the Pitot tube which is the

stagnation point, it was set the first equation:

1

2
ρv21 + P1 + ρgH1 =

1

2
ρv22 + P2 + ρgH2 (47)

Later, solving for the velocity and dismissing the irrelevant terms:
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v1 =

√
2(P2 − P1 + ρairgΔH)

ρair
(48)

The Manometer was used to determine the pressure difference by applying

the same principle but translated into difference of potential in the static

problem as follows:

P2 − P1 = (ρwater − ρair)gΔz (49)

With Δz being the difference in vertical distance of the level of the water

inside the tubes. It was actually read increasing the resolution of the mea-

surement by leaning back the manometer and multiplying the measured

Δ by the factor given in the air-bench manual.

Combining (2) and (3):

v1 =

√
2((ρwater − ρair)gΔz + ρairgΔH)

ρair
(50)

Finally, considering that the density of the air is much smaller than the

one of the water and the potential pressure is also negligible, the result
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Figure 23: Range of Flow velocity of the Air Bench

was:

v1 =

√
2
ρwater
ρair

gΔz (51)

With the increase of the opening angle of the valve, it was plot the velocity

of the flow as seen in Figure 23. So that everytime it was desired a range

of Reynolds it was easily set.

4.2 Implementation of the device

Firstly, it was important to set the structural parameters as it was planned

to be. With that it could be ensured that the tests were driven in a con-
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trolled environment. And the results could diverge a lot when it comes to

a low mass and damping cylinder, to tell something in particular about its

behavior given the flow characteristics. Those as function of the Reynolds

number that was varied with the variation of the flow speed. It was se-

lected a Flow velocity of 1.8m/s, 5.7m/s and 9.8m/s, that taking into ac-

count the diameter of 20 mm and a kinematic viscosity of 1.56E−05m2/s

at the room temperature, generated Reynolds numbers of 3877, 10252 and

17473 respectively.

Taking into account only the motion in the transverse direction of the

flow (x) and neglected the in-line and angular components (y and α).

From the system the position, velocity and acceleration of the body as a

function of the time are:

x(t) = xo cosωt (52)

ẋ(t) = −xoω sinωt (53)

ẍ(t) = −xoω
2 cosωt (54)

The force of excitation that exerts the fluid on the cylinder is composed

of two components that are the Lift force L(t) always transverse to the

flow and Drag Force D(t) parallel to the flow, shown next:

L(t) = L0 cosωst+ ψ (55)

D(t) = D0 cos 2ωst+ ψ (56)
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With:

ωs = 2πfs = 2πSt(
U

D
)

Since the oscillations in lift force occur at the vortex shedding frequency

and oscillations in drag force occur at twice the vortex shedding frequency

in the Kàrman street. In other regimes of Reynolds the frequencies vary

in no regular form.

The motion of the excited system in x-direction is described by the

equation 59. In this equation one can see that the lift force, responsible for

the excitation of the system, could also be divided into two components.

The purpose of this separation will be shown next.

mẍ+ bẋ+ kx = L(t) (57)

L(t) = −Laẍ(t) + Lvẋ(t) (58)

mẍ(t) + bẋ(t) + kx(t) = −Laẍ(t) + Lvẋ(t) (59)

From equation 55, applying the trigonometric identity it was possible to

extend the term of lift force with the sinusoidal function of the shift angle.

L(t) = L0 cosωst+cosψ − L0 sinωst+sinψ (60)

From the derivatives 53 and 54 it was solved for the cosine and sinus of

the frequency times the time as follows:

cosωt = − ẍ(t)

xoω2
(61)
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And

sinωt = − ẍ(t)

xoω
(62)

Then, the substitution of the harmonic solutions in 60, the force was

redefined taking out the time from the sinusoidal functions and creating

scalar factors that count as a mass next to the acceleration and a mass

rate next to the velocity, arising:

L(t) = −L0 cosψ

xoω2
ẍ(t) +

L0 sinψ

x0ω
ẋ(t) (63)

Thus, with that algebraic manipulation, the force in the previous compo-

nents of acceleration and velocity, could be integrated in the left side of

the equation 59, as the scalar factors had the same units and those were

added and subtracted to m and b.

(m+ La)ẍ(t) + (b− Lv)ẋ(t) + kx(t) = 0 (64)

Where the factors of the Lift in phase with acceleration and the Lift in

phase with velocity are:

La = −L0 cosψ

xoω2

Lv =
L0 sinψ

x0ω

So the differential equation 64 was turned homogeneous and has a known

solution. The term of m+ La is then considered as the added mass and
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b−Lv is the damping of the system. The solutions for the equation with

damping are:

x(t) = xo expωt (65)

ẋ(t) = ωxo expωt = ωx (66)

ẍ(t) = ω2xo expωt = ω2x (67)

Equation 64 only in terms of the position is:

(m+ La)ω
2x+ (b− Lv)ωx+ kx = 0

ω2 +

(
b− Lv

m+ La

)
ω +

k

m+ La
= 0

ω1,2 = −1

2

(
b− Lv

m+ La

)
±

√
1

4

(
b− Lv

m+ La

)2

− k

m+ La

ω1,2 = −ωR ± ωIi

Where the real component of the frequency ωR, the term on the left of the

plus minus sign,indicates whether the system is damped when ωR > 0,

the system is not damped when ωR = 0, or the system diverges when

ωR < 0.

To interpret more precisely what those terms actually mean it was con-

venient to bring information about the flow that causes the excitation of

the cylinder from its interaction.
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The mass of the cylinder with the density ρ of the material is:

mcyl =
π

4
ρd2l [kg]

Then, from the figure 24 the projected view of the cylinder d ∗ l in

the plane Y-Z is the one that collides directly with the stream. As in

the conservation of mass when applying the Reynolds transport theorem

that surface is opposing to the fluid’s direction. The mass flow rate that

collides with the surface is:

ṁ = ρdlU [
kg

s
]

That way it was possible to get two adimensional coefficients of Lift force

that could tell whether there was self excited oscillation or the opposite,

i.e. the fluid force amplifies the motion or hinders it.

ca =
La

π
4ρd

2l
[−]

cv =
La

ρdlU
[−]
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Figure 24: Projected view from the cylinder

4.3 Image Tracking Analysis

To analyze the dynamics of the cylinder with the air flow it was recorded

some videos with a specific Frame Rate and resolution of 720 megapixels.

The cylinder at its front view had a white cover with a black thick line

that worked as the reference for the motion in x, y and α direction, as

seen in figure 25.

Figure 25: Front view

The minimum frame Rate of the video recorder to use was determined
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Figure 26: Binarized image

with the frequency of vortex shedding that is contained in the Strouhal

number plot from graph 2. Within the range of Reynolds of the experiment

the value of the Strouhal number is approximately 0.2. If the frequency is

solved, the range of frequency in herz is 17.9-98.2. So, according to the

expression f = 2fs, the minimum possible frequency is 200 fps. For that

reason, the camera was set with the recording frequency of 240 FPS.

After recording the videos, they were uploaded to Matlab in order to

process the image data. So, the first step was to binarize the image with

the function im2bw that created a matrix with values 1 as white pixels

and 0 as black pixels of a selected frame (fig. 26).

Next step, was to cut the rest of the image that stayed static within the

video, as the surroundings. This, with the purpose of just focusing on the

front face of the cylinder and reduce the quantity of data to process. The
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Figure 27: Treated image

original size of the video is 720x1280 pixels and it was cropped to 670x720

pixels. Then each frame inside a loop underwent an image treatment using

some Matlab functions like imerode() that crops the undesired black pixels

at the edge of the black area, imdilate()that expands the black area and

imclose() that delineates the area to get better defined, as seen in figure

27.

Later, in order to get the main axis from the cylinder’s front face and

its centroid, the values in the matrices had to be inverted so that the black

line turned white in the image. That is what the function regionprops()

requires to get data from the image. For instance, the data was the

coordinates of the centroid (in pixels) and the orientation of the main
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axis (in degrees). Four vectors, of the size j= total number of video

frames, were created to storage chronologically the retrieved values of

position x, y, α and t of each frame in a different spot within the vector.

Also, it was very important to consider that the coordinates and ori-

entation had units that needed to be converted to millimeters and radi-

ans respectively in order to be dimensionally homogeneous later with the

rest of the equations. For that reason, it was computed a scale factor

[mm/pixel] to convert the units. In the code the user inserts a known

fixed distance in millimeters as reference and locates it in the image. And

for the orientation the degrees are just converted into radians.

It was important to take in consideration that the origin of the refer-

ence system that was employed in the setup of the experiment and the

equations was at the center of the cylinder in the position of equilibrium

where the cylinder underwent no flow. So, in order to obtain meaningful

results while plotting the data, it was subtracted the that equilibrium co-

ordinate to the position of the centroid in each frame. With the videos

that were recorded showing no equilibrium position, an average position

was used.

An analysis of the natural or fundamental frequencies of the system has

been performed. The data was obtained from the video processing of the

cylinder when it was displaced from its static equilibrium position at the

origin. Then, the FFT function was employed directly to the position plot

of the cylinder’s dynamics. As result, the natural frequencies of the system
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were plot in figure 47 and 48. One can notice that the second and third

peaks seen in both figures are just harmonic frequencies (n = 1, 2, 3)

of the fundamental frequency of 27.07 Hz. It is important to mention

that this retrieved values correspond to the damped natural frequency (

ωD = ωn

√
1− ζ2), as the air within the tunnel exerts some dissipation

force when the cylinder moves and it fluctuates with the relative velocity.

However, in many cases when the viscous drag is small in comparison with

other forces in the system the damping could be neglected. That way the

response of the structure would be comparable as in the undamped case

only that the amplitudes would exponentially decay. This information is

important to consider for the dynamic analysis as it is intrinsic in the

results with the geometrical and physical characteristics of the system.

In figure 28 it is seen that the cylinder oscillates in transverse direction

from negative values to positive values around the origin. That behavior

was expected. The amplitudes of vibration are around 0.6 mm in average

for the corresponding flow speed. And the maximum amplitudes in mag-

nitude occur at the time 3 to 4 seconds as shown in figure 29 with values

of 0.8 mm, which is a zoom of the corresponding range of fig. 28.

On the other side, the plot of position in the in-line direction (fig. 30)

shows an oscillation with negative values which mean that the motion of

the cylinder occurred under the position of equilibrium where the cylinder

underwent no flow. Additionally, it is possible to know that the flow was

not in steady state during the recording of the video as thought. Because
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the average position during the oscillation seems to be displacing to larger

negative values.

The plot of α(t) in figure 31 show clearly that the angular shift has

higher frequencies than in the other translation motions.

After computing the position vectors, the velocity vectors could be

also obtained by the simply differentiation of them with respect of time.

The problem with that was that, in the discretization method of finite

differences that uses the Matlab function, the i value of the velocity is

obtained with the difference of the i+1 value of the position minus its

value at i over dt, vx
i+1

2

= xi+1−xi

Δt and vy
i+1

2

= yi+1−yi
Δt . The value of the

increase of time between each frame is simply gotten as the inverse of

the frame rate FPS which is a known value, Δt = 1/Fr. So, at the end

the velocity vector was going to be shorter by two elements (the ones in

the extremes) than the position vector and shifted from the time vector.

Hence, a new velocity vector was created by averaging each element with

the next one of the previous velocity vector. This is shown conveniently

in the zoomed-in fraction of the plot (fig. 33 where the orange circles are

the resulting values of averaging the x component of the velocity. It was,

as well, made an extrapolation of the first two elements and the last two

elements of the first velocity vector to approximate the values of those

elements in the extremes of the new velocity vector. That way the size of

the vector was just like the size of the time vector and there time scale

of the position and velocity vector was the same.
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The values of velocity in the y-direction (fig. 34) are smaller in magni-

tude than the velocities in the x-direction (fig. 32). In figure 33 it is better

seen the number of points x and o in the plot that should be around 240

as the total period is a bit more than 1 second.

For the computation of the acceleration vector, the time scale would

not be a problem because for the same reason as the velocity was shifted

with position, the acceleration was shifted with the velocity. Therefore,

the acceleration was in phase with the position and no averaging was

needed. The acceleration components were ax
i+1

2

=
vxi+1

−vxi
Δt and ay

i+1
2

=

vyi+1
−vyi

Δt .

The oscillation of this signal, as expected, is around zero. The values

are in the range of the 30000mm/s2 for x and 15000mm/s2 for y. That

is approximately 3 and 1.5 times the gravitational acceleration. The high

magnitudes are due to the abrupt velocity changes.

From the procurement of the accelerations of the three degrees of

freedom it was possible to apply the retrieved equations of motion of

section 3. Where the lift and drag forces on the cylinder are presented as

functions of its position and acceleration. The constants as the stiffness

of the springs,the mass of the cylinder and the radius are factors of scale

of the total value of force.

With the implementation of the equations of motion with Lagrange’s

Method in the Matlab code, the fluctuations of the horizontal and vertical

components of the force flow could be plotted.
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After observing figure 35, it is important to allude to the oscillation of

the transverse force around the x axis at the value of zero. It was totally

predictable that the force was going to fluctuate from positive values to

negative values. Since the force vectors have the same direction as the

acceleration vectors.

The plot of the in-line component of the force differs visually from the

transverse component. As the video was recorded in transient state of the

system the amplitudes of force were not fluctuating around a horizontal

axis. Instead, the signal oscillated around a curve that, as seen in figure

36, could be approximated as a line with constant and positive slope. In

reality it is known that this would not be the case, because the natural

transition of such an event doesn’t evolve linearly but exponentially.

Finally, it was convenient to decompose the horizontal component of

force signal into its main components with the use of the Fast Fourier

Transform (FFT) function in Matlab (fft(Fx)). The aim of this processing

of the signal was to obtain the Spectrum of Amplitudes of the Force with

frequency of sampling (f = fs/2). The magnitude of the obtained FFT

is symmetric at half the whole signal length due to the fact that positive

and negative frequencies are equivalent. Therefore, the total signal was

plotted just at the half. Also, the absolute value of the signal is plotted

as a frequency spectrum. With that visualization it was possible to know

from the multiple frequencies found in the signal, the highest amplitude

of the force caused directly by the flow instabilities. That means, what
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Figure 28: Position x(t) at Re ≈ 6700

specific frequency was the most relevant regarding the dynamics of the

cylinder.
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Figure 29: Fraction of the graph x(t) 3s < t < 4s, at Re ≈ 6700

Figure 30: Position y(t) at Re ≈ 6700
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Figure 31: Position α(t) at Re ≈ 6700

Figure 32: Velocity vx(t) at Re ≈ 6700
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Figure 33: Fraction of the graph vx(t) at Re ≈ 6700

Figure 34: Velocity vy(t) at Re ≈ 6700
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Figure 35: X component of the fluid force on the cylinder at Re ≈ 6700

Figure 36: Y component of the fluid force on the cylinder at Re ≈ 6700
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Figure 37: x-Force Frequency Spectrum at Re ≈ 6700
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Figure 38: y-Force Frequency Spectrum at Re ≈ 6700

Figure 39: X component of the fluid force on the cylinder at Re ≈ 10250
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Figure 40: Y component of the fluid force on the cylinder at Re ≈ 10250

Figure 41: x-Force Frequency Spectrum at Re ≈ 10250
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Figure 42: y-Force Frequency Spectrum at Re ≈ 10250

Figure 43: X component of the fluid force on the cylinder at Re ≈ 12800
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Figure 44: Y component of the fluid force on the cylinder at Re ≈ 12800

Figure 45: x-Force Frequency Spectrum at Re ≈ 12800
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Figure 46: y-Force Frequency Spectrum at Re ≈ 12800

Figure 47: Frequency Spectrum
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Figure 48: Frequency Spectrum

5 Conclusion

5.1 Description of results

The first evidence of the influence of the flow speed and therefore the

Reynolds number in the cylinders motion is the increase of amplitudes

while the Reynolds number was increasing. That fact was evident since

the recording of the videos of the cylinder’s excitation. There was also a

displacement of the average position in the in-line direction as the spring

resistance compensate the increase of drag force produced by the higher

airflow. Higher flow speeds created higher position, velocity, acceleration

and force amplitudes. Additionally, the lift force (Fx) is bigger than the

drag force (Fy) for the analyzed flow conditions.
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It was possible to prove the validity of the obtained results using the

experimental plot in figure 1, which is valid for circular cylinders of di-

ameter D. It was considered that the experiment was driven in the range

of Reynolds 103 < Re < 104, where the vortex shedding is turbulent.

The values of drag coefficient taken from the plot are in the same range

(CD ≈ 1) as the values computed from various points of the force graphs

36, 40, 44. From the definition of the drag force CD = fD
1
2ρu

2D
, the relative

velocity between the cylinder and the fluid in motion u was approximated

as just the flow velocity. The one measured with the manometer and the

Pitot tube.

According to the first figure at the introduction where the Strouhal

number is plotted as function of the Reynolds number (fig. 2), the fre-

quency of vortex shedding is just a function of the flow velocity as the

value of the Strouhal Number is set to 0.2 in the respective Re range.

First, the frequencies obtained from the cylinders motion were thought to

be the same as frequencies of vortex shedding. Because in other modes of

oscillation found in literature, the cylinders response was directly imposed

by the vortex mechanics. Nevertheless, it was not the case in the regime

that we have studied.

The Frequency Spectrum shows the distribution of the amplitudes of

each frequency component that conforms the final force signal against the

given frequency. Comparing the computational analysis at three different

flow speeds one can notice that the values at the peaks are constantly
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27.77Hz in the x component. The retrieved value for the fundamental

frequency of the system is 27.07Hz as shown in figures 47 and 48. This

indicates that the force signal frequency in the transverse direction of the

flow corresponds directly to the damped natural frequency of the system.

This result means that the fluctuating vortex forces barely dominate the

dynamics of the cylinder at the presented values of the Reynolds number.

The excitation just provokes that the system responds with its fundamen-

tal frequency.

On the other hand, the plots of the frequency spectrum for the y

component show an interesting transition of two peaks that are located at

the range of 22−29Hz. In figure 38 at Re ≈ 6700 one can see a first peak

with a frequency value of 22.73Hz that is followed by another smaller peak

at 27.3Hz that could correspond to the computed fundamental frequency.

Then, at Re ≈ 10250 (fig. 42)the first peak at 22.97Hz is now smaller

than the second peak at 28.71Hz that draws away from the fundamental

frequency. Finally, at the highest value of Re ≈ 12800 (fig. 46) the

first peak vanishes completely and remains a peak with a frequency of

29.41Hz that seems to be the second peak in transition becoming the

dominant frequency in the force signal. It also diverges from the original

fundamental frequency.

The reason of this other frequency could be related with the fact that

the motion in the y-direction doesn’t allow to be approximated as a linear

problem contrary to the motion in x-direction, which has smaller displace-
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ments. Another factor is the pressure drag, that affects the properties of

the turbulent wake, which may present a characteristic frequency.

During the experiment there was a degree of freedom that was not

considered for the equations of motion but was also slightly present in the

motion induced by the flow, specifically at high Re. The rotation around

the x-axis. It was not restrained and was enhanced by some circumstances

that have to do with the three dimensional configuration of the system.

This is also a probable reason for the existence of the second frequency

in the Spectrum. The rotation around the x-axis was read by the image

processing program as an extra displacement in y-direction.

Attached to the retrieved fluid force values, there is the damping which

causes that the flow by itself decelerate the cylinder. This term of damping

force varies with the velocity of the body in an unknown form. For that

reason, it is impossible to detach it from the fluid forces unless damping

coefficient was known in every point of the time.
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5.2 Discussion

This thesis is dealing with a coupled system. Meaning that the fluid’s

momentum is relevant in the motion of the body and at the same time,

the body’s response affect the dynamics of flow. There is no possible way

to obtain separated results or decouple the system. At least not without

analyzing the coupled system and taking into account the fluid-solid in-

teraction conditions as a dynamic condition at the interface. Solving for

this coupled system needs a strong mathematical model that describes

the transfer of energy between two elements.

This procedure can be made simultaneously. Applying a simultaneous

approach would require a form to connect the solid dynamics and the fluid

dynamics. Some terms as the added mass and the added stiffness would

be annexed to the equations of motion of the cylinder. Those terms would

consider the inertial load and viscous damping of the fluid. The task is to

integrate and solve the equations together.

The other approach of the problem is partitioned, that was intended

to carry out in this work. It requires to solve for the system separately.

The fluid and solid dynamics would be analyzed separated but parallel.

The point is to, in an iterative way, complement the solution variables

as the position, velocity and forces of the other system and progressively

converge them until the systems are coupled.

Some resources were missed in this work to develop a coupled analysis.
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For instance, it would be necessary to have special recording tools as

the camera and the material used for the Particle Image Velocimetry

(PIV) in order to analyze the kinematic of the fluid. Additionally, to

gather information of the forces that were transferred to the fluid it would

be required to have points in the device where the pressure could be

measures with the manometer at any time of the experiment. That way

it could be intended to recreate a similar procedure, as the one done in

the experimental section of this work, that examine the fluid’s behavior

and responses.

Finally, the complexity of undertaking a fluid-solid interaction problem

demands great knowledge in Fluid mechanics but also a lot of experience

when dealing with the dimensional analysis to determine what properties

to consider in your system and where to place them in order to make an

equation meaningful. That kind of experience is built in a larger period

of dealing with the problem.

In the scientific community there is still a lot to do with the VIV in

research and development of suppression methods. Nowadays the efforts

are focused on three- dimensionality effects. The advantage is that there

are many resources out there that can be use implemented and the interest

on the phenomenon has not been lost.
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Figure 49: Oscillation device drawing
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Figure 50: Fraction of the graph y(t) 0s < t < 1s, at Re ≈ 6700

Figure 51: Fraction of the graph α(t) 3s < t < 4s at Re ≈ 6700
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Figure 52: Fraction of the graph vy(t) at Re ≈ 6700

Figure 53: Velocity vα(t) at Re ≈ 6700
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Figure 54: Fraction of the graph vα(t) at Re ≈ 6700

Figure 55: Acceleration ax(t) at Re ≈ 6700
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Figure 56: Acceleration ay(t) at Re ≈ 6700

Figure 57: Acceleration aα(t) at Re ≈ 6700
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