
5. STRESS CONCENTRATIONS 

 So far in this thesis, most of the formulas we have seen to calculate the stresses 

and strains in shafts apply only to solid and hollow circular shafts while they are in the 

elastic zone. This is not the only requirement for the use of these formulas. Another fact 

that has to be considered is that the cross-sectional areas along the shaft must be 

reasonably constant. As we have seen in the case of variable-cross-section shaft, the 

angle of twist can be calculated, and then from here the strains and stresses are 

calculated. This is still possible.  

 

5.1 Definition 

 But if the shaft is stepped (which means that it has sudden diameter changes over 

its cross sectional area), then large perturbations of shearing stresses take place. When 

this sudden diameter changes are present in a shaft is because they are going to be 

holding a power transmission element. These steps are made to avoid the sliding of the 

element in the longitudinal axis, and they are generally accompanied by different types of 

grooves to hold the elements (key seats, retaining rings grooves, etc.). That is why in the 

zones of the shafts where there is no sudden change of diameter, the distribution of the 

stresses remains “constant”. However, in the zones near the steps and the grooves, there 

are high local shearing stresses occurring. These are known as stress concentrations.  

 

5.2 Stress concentration factor 

 The three elemental formulas used in design to calculate the stresses that are 

present in an element with constant cross section are 
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Unfortunately, as said before, in engineering applications it is not very common to find 

three dimensional elements with constant cross section. Also, the presence of shoulders, 

grooves, holes, keyways, threads, and so on, results in a modification of the simple stress 

distribution and localized high stresses will cause stress concentrations, which are 

measured by the stress concentration factor, which is calculated as 
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where the nominal normal stress and the nominal shearing stress are defined according to 

the formulas presented before to calculate stresses in elements with constant cross 

section. It is important to understand that the stress concentration factor depends only on 

the geometry of the element.  

 

 For this case, the subscript t indicates that the value of the stress concentration 

factor is theoretical, based on assumptions of theory of elasticity, and working under 

ideal cases without considering all the external and internal factors that can be acting on 

the material (such as temperature, grain size, etc.). For experimental values, other 

subscripts are used. As a way of showing that the elementary equations do not apply in 



stress concentrations, take a look at Figure 23, where we can see that the stress 

distribution is not constant along the cross section. This concentration is higher near the 

hole of the plate; thus, we have to use a stress concentration factor, where 

avgcK σσ =max , and Kc is obtained from charts. 

 

Figure 23 

 

An example of how big the stress concentration factor has to be is the following, 

which depends on the type of load, and how it is applied. “When the load is applied 

gradually and the total number of load cycles is small, the stresses based on gross area 

can be allowed to rise to such levels that yielding occurs at the regions of stress 

concentration. The resulting plastic flow relieves the peak stresses and reduces the 

abruptness of the geometrical change in shape.” (Fenner, 1986).  On the other hand, 

“…where a load is applied and released a large number of times (more than 105), working 

stresses must be confined to the elastic region, and a stress concentration can have a 

devastating effect on accelerating failure by fatigue. The effects of accidental notches, 



such as machining marks, scratches, welding flashes and cracks, are difficult to quantify, 

but such defects have very mark effects on fatigue life.” (Fenner, 1986). 

 Some means to obtain the stress concentration factor are photoelasticity, precision 

strain gage, membrane analogy for torsion, or electrical analogy for torsion. Nowadays, it 

is also used the Finite Element Method. As seen, these values can be obtained by 

experimental methods or by mathematical methods.  

 

 As said before, the sudden change in cross section can cause stress concentrations, 

but these concentrations can be diminished if some methods are followed. For example, 

instead of making an abrupt change in the cross section (more abrupt transition), where 

we will have crowded stress “flow lines” and a higher stress concentration, we could 

have a smoother change in the cross section (which is also a transition of cross sections), 

and it will generate less crowded stress “flow lines” and as a consequence a lower stress 

concentration, even if it still has high stresses. To have a better idea of this, take a look at 

Figure 24, where case a represents an abrupt transition, and we can see how the stress 

concentration is higher. In case b, we can see a more smooth change of cross section, and 

it still has stress concentrations, but as seen they are lower than in case a.  
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Figure 24 

The values of the stress concentration factor Kc that are obtained by mathematical 

or experimental methods are published in charts, where the designer can make any 

calculation depending on the geometry of his design. That way, the model can be 

optimized to achieve the longest possible service life. Kc is a very important factor in 

brittle materials, because this factor will assure that the element is behaving as required, 

and that it will support the working conditions. For ductile materials, it is important when 

making calculations about fatigue, when human and designed element safety is critical, 

when localized yielding hardens the material (strain hardening), and it also can 

redistribute the stress concentration.  

 

 Talking more about the effect in ductile materials, especially for the case when 

the localized yielding hardens the material, it is important to say why this might happen. 

In this chapter we have talked about what happens when the load is applied gradually and 

the total number of cycles is small. This is the case when strain hardening happens. After 

what was explained before (that the resulting plastic flow reduces the abruptness of the 



geometrical change in shape) , “when the load is removed, a residual compressive stress 

is left in the yielded material, which is also work hardened as a result of the deformation, 

thus giving it a higher yield stress. After a very few cycles of loading, the material settles 

down to a new elastic equilibrium. This process is sometimes called shakedown.” 

(Fenner, 1986). (An example of the charts where Kc can be found is in Figure 25.) 

 



 

Figure 25 

 All mechanical elements are subjected to specific loads, and these loads can vary 

depending on the machine where the elements are working. Because of the applied loads, 

and for the conditions of the material, fractures can occur, leaving the element useless, 

and with the danger of damaging the machine. All materials, even if they past through the 

best manufacturing processes, have cracks. These cracks make the material prone to 

failure. If the crack in the material is bigger than the critical dimension, then it will 

propagate, causing as a consequence of this a catastrophic failure. There are three kinds 

of failure. They are represented in Figure 26. Figure 26a represents the mode I of crack 

displacement: opening. Figure 26b represents the mode II of crack displacement: sliding, 

and finally Figure 26c represents the mode III of crack displacement: tearing.  
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Figure 26 

 The fracture mechanics can help to prevent the mode I of the crack displacement 

(opening). It avoids propagation of the crack if the crack size > 2a, where  
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where Kci is the fracture toughness, which is obtained from tables, and Y is the geometric 

correction factor. 

 

 To calculate the stress intensity factor, we have to recall that the crack length is 

equal to 2a (recall length = 2a). From the equation of fracture mechanics, we can get that 

fracture toughness is equal to 



aYK nomci ⋅⋅= πσ  

If the actual crack length is 2x, then the stress intensity factor will be defined as 

xYK nomi ⋅⋅= πσ  

So then, crack will propagate if Ki > Kci, or 2x > 2a. If we want to obtain the safety 

factor to prevent crack propagation, then we just have to divide
i
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K
K
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• Notch Sensitivity 

The effect of a notch on the fatigue strength varies considerably with material and 

with notch geometry. This effect usually is less than the one predicted theoretically with 

the use of the stress concentration factor. This phenomenon is denoted as notch 

sensitivity, and can be considered as “a measure of the degree to which the theoretical 

effect is obtained.” (Peterson, 1974).  The notch sensitivity is defined as: 
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where q is the fatigue notch sensitivity, Kt is the stress concentration factor for normal 

stress, and Kf is the fatigue notch factor. 

 

 The fatigue notch factor is the relationship between the fatigue limit of an 

unnotched specimen and a notched specimen: 
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 There is also an equation that describes a scale of notch sensitivity. It goes from q 

= 0 to q = 1, where q = 0 means no effect, and q = 1 is full theoretical effect. The full 

theoretical effect presents when σnf = σf, and Kf = 1. This relationship is given by 

( ) 11 +−= ttf KqK  

 

 Kt is recommended to be used only when new materials are developed, and when 

there does not exist any q data. An important comment here is that “…if notch sensitivity 

is not taken into consideration at all in design (q = 1), the error will be on the safe side 

(Ktf = Kt). 

 

 It is not possible to obtain reliable comparative values of q for different materials 

by making tests of a standardized specimen of fixed dimensions because the typical 

resulting curve for Kf decreases as the size of the specimen increases.  

 

 

5.3 Stress concentrators 

 When talking about stress concentrators, they are referred as points where the 

stresses concentrate because of a change in the cross-sectional area, or because of 

external failures such as machining cracks, wrong management of the material, etc. 

“Abrupt changes in cross section give rise to great irregularities in stress distribution… 

Irregularity of stress distribution at such places means that at certain points the stress is 

far above the average value, and under the action of reversal of stresses progressive 

cracks are likely to start.” (Timoshenko, 1956). These stress concentrators have a direct 



effect on the performance of the element, because they diminish the effective service life 

of it.  

 

 The stress concentrators have been classified into two groups: the first one 

concerns about the effects that holes have on plates and trusses, while the second one 

concerns about the stress concentration made by roundings, key seats or similar elements 

under several load conditions. The first group is the one which has been more studied, 

because of the low complexity that it involves, and it is based on rules established a long 

time ago. Also, it is easier to study because it only involves stresses in two dimensions. 

The second group requires a three-dimensional analysis, which makes it very complex. 

Most of the stress concentrators such as key seats, retaining ring grooves, etc, are present 

in shafts, so it needs a different way of analysis.  

 

 Where there are sharp angles, key seats or similar elements, the theoretical value 

of the stress concentration can be really high, and that is why this theory should be 

corrected for small curvature radius. Nonetheless, for repetitive load, sharp elements such 

as angles can have a negative effect. The highest stress concentrations will be present 

where the penetration in the element is higher, such as deep key seats, while the radius of 

curvature and the angle are small.  

 

• Examples of stress concentrators 

“When talking about twisting of bars of various cross sectional areas, it is known 

that sharp irregularities in the boundary line of the cross section can cause high stress 



concentrations.” (Timoshenko, 1956). If instead of that there are longitudinal holes, they 

create a similar effect.  For example, for a small circular hole in a multiple cross sectional 

area shaft, the effect is that the stresses double the maximum stress of the place of the 

shaft where it is located. If instead of machining a hole, a semicircular groove is 

machined, then the effects are almost equal. The shear stress in the deepest point of the 

groove is going to increase almost two times the stress calculated at any other point of the 

shaft. This is the case of this thesis. The maximum stress in a semicircular groove occurs 

at the deepest point. Something important to mention here is that the stresses diminish as 

they get closer to the surface of the shaft, and that they behave the same way to each side 

of the point where the maximum stress is located.  

 

If instead of a circular groove a groove of elliptical or semielliptical cross section 

is used, then the stress concentration changes. “The effect of an elliptic hole on the stress 

is grater when the major axis of the ellipse is in the radial direction than when it runs 

circumferentially.” (Timoshenko, 1956). If the greater axis of the ellipse is a, and the 

smallest axis is b, then the maximum stress is a result of the ratio a/b, because the 

proportion in the which stresses are increased is [1 + (a/b)]:1.  

 

For the case of a keyway with sharp corners, the shearing stress in the corners that 

are near to the surface is zero. But in the other corners (the ones on the deepest point of 

the keyway), the stress concentration is really high. They only need a small torque to 

produce a permanent set, and this reduces drastically the life service of the element. 

Instead of having sharp corners, they can be rounded, even with a small radius, and this 



will diminish the stress concentration at this point. “…the stress concentration can be 

greatly diminished by increasing the radius of the fillet at the corners.” (Timoshenko, 

1956).  

 

5.4 Method to calculate stress concentration factor in shafts 

 The stress concentration factor can be obtained by theoretical and by experimental 

methods. There have been published a lot of tables for this factor. For shafts, the formula 

used to calculate this factor is the same as mentioned before: 
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 But a shaft does not have only one stress concentration factor. It may have as 

much factors as number of elements it has, because for each transmission element, there 

is one change of cross section for retaining ring, key seat, bearing, etc.  

 

 Take for example Figure 27. Here it can be seen an abrupt change of cross 

section, produced by a shoulder made to hold a gear. Here, even if the corner is rounded, 

it creates a high stress concentration at points “m”, which are located at the beginning of 

the fillet. “The magnitude of the maximum stress depends on the ratios p/d and L/r, 

where p is the radius of the fillet and d and D are the diameters of the two cylindrical 

portions of the shaft.” (Timoshenko, 1956). These high stresses are not dangerous for 

conditions of static loading; but if the load is fluctuating, then it may have pronounced 

weakening effect.   



 

Figure 27 

As the theoretical determination of the stress concentration factor is too complicate, here 

it is going to be seen the experimental way of measuring it.  

 

 The experimental methods are: photoelastic method, electric method, and finite 

element method. The photoelastic method is used when the shapes of the elements creates 

stress distributions that are difficult to determine theoretically. “In this method, models 

cut out of a plate of an isotropic transparent material such as glass, celluloid or bakelite 

are used. It is well known that under the action of stresses these materials become doubly 

refractating; and if a beam of polarized light is passed through a transparent model under 

stress, a colored picture may be obtained from which the stress distribution can be 

found.” (Timoshenko, 1956). Then, once the principal stresses are known, they have to be 

divided by the nominal stress, and then the stress concentration factor will be obtained.  

 The electric method is that in which strain gages are used. A model of the shaft is 

manufactured, and then some gages are connected to it in the zones where the stresses 

want to be measured. Then, a constant difference of potential is maintained at both ends 

of the shaft and the drop in potential in some specific points is measured. Then, two 



distances are obtained between equipotential lines at a remote point and at the fillet. The 

ratio of these two distances gives the stress concentration factor for the fillet at the chosen 

point.  

 

 Finally, the finite element method is one of the most promising methods in these 

days. It is an excellent tool because it is easy to use, and the results are the most accurate 

of the three methods. First, the model has to be drawn in CAD software and exported or it 

can be drawn in the FEA software. Once this is made, a mesh has to be made to be able to 

make a finer analysis. After, the boundary conditions and the loads have to be applied. 

Then, the object has to be converted from a surface model to a solid model. And finally, 

the analysis is run, and the results are given. In these kinds of softwares, there are many 

things that come out as the result of the analysis. For example, the deformation suffered 

by the shaft due to the action of the loads, the Von Mises stresses, the maximum principal 

stresses, etc. In this case, the data that is more useful for this type of analysis is the 

maximum Von Mises stress. Once this parameter is known, the only thing left to make is 

to calculate the nominal stress, which is
A
F

=σ , where A is the area of the cross section 

that interests for the analysis, and finally divide the maximum stress over the nominal 

stress.  

 

5.5 Multiple stress concentrators 

 When talking about multiple stress concentrators, it is referred as a machine or 

structural element which has two or more stress concentrators in its geometry. There are 

many reasons why these concentrators are present in the geometry of an element: first, 



they can be part of the design in order to hold any transmission element, such as key 

seats, holes for screws, etc. Another reason why these concentrators are present is 

because of some failures in the machining of the element. For example, sometimes, while 

manufacturing, an error can cause a small scratch, which may reduce the service life of 

the element because it concentrates stresses, and produces failure of the part. And finally, 

a third reason is that these concentrators may be deliberately added to the element with 

the purpose of modifying the stress concentration factor, in order to increase the service 

life.  

 

 There might be many ways of arrangements of the geometry of the concentrators, 

but in general, they can be classified in two: stress concentrators in series and stress 

concentrators in parallel. In shafts, this arises as a combination of many elements of 

power transmission. The presence of these stress concentrators, without mattering their 

arrangement, modifies the behavior of the element under loading, and that is why the 

determination of the stress concentration factor is so important.  

 

 Talking about if one stress concentrator reduces more the concentration than 

multiple stress concentrators: “It has long been recognized that a single notch represents a 

higher degree of stress concentration than a series of closely spaced notches of the same 

kind as the single notch.” (Peterson, 1974).  

 

 When using one or more concentrators, it can be made a flow analogy. The 

presence of stresses can be viewed as if they were flowing through the element. This is 



the case of figure 28, where it can be seen that when more notches are used, the stress 

concentration is reduced. It can also be said that as the notches have a bigger distance 

between each other, the stress concentration is reduced. This is valid until a certain point, 

because after some distance, the notches produce an effect on the element as if they were 

a single notch, and the concentration of stresses rises. 

 

 

Figure 28 

 The same thing applies for the arrangement in parallel. If the element contains in 

its geometry only one stress concentrator, the stress concentrations are going to be bigger 

than if it had two or more. Here, the flow analogy can be used again. As seen in Figure 

29, when subjected to tension, the lines of the element with only one concentrator have a 

bigger deviation, which translated to stress means that the stress concentration is higher. 

Then, on the other hand, the element with three notches has a smoother flow, which 

means that the lines do not deviate too much, and the deviation takes place little by little. 

The result of this is that the stress concentration is reduced.  



 

Figure 29 

 Another example of how the stresses are distributed when having one notch and 

multiple notches is Figure 30. There, it can also be seen how the stresses increase from 

the center of the plate to the lowest point of the notch. This is another good example of 

how multiple notches are more effective to reduce stress concentrations than a single 

notch. It can be seen in terms of flow, but also shows graphically the behavior of the 

stresses.  

 

Figure 30 

 Finally, something important to say is that stress concentrators can have any 

arrangement in the element. In this case, there can be a combination of parallel and series 



concentrators, as seen on Figure 31. It is never known how the element is going to behave 

or how it is going to answer to the arrangement, and that is why it is recommended to 

make analyses before using the mechanical part. This will assure that the element is 

going to work properly. For the case of the figure mentioned, it can be seen that the 

arrangement b is more effective than arrangement a. Both are subjected to tension, but 

they behave different. Arrangement a has a higher stress concentration, due to the two 

holes of the middle. If they were not present, it would have a smoother “flow”. In case b, 

where elements are aligned, the “flow” is smoother, even if it presents a bigger deviation 

on the flow line next to the concentrators. But the other lines, the ones between the 

concentrators, have a lower deviation, producing lower stress concentration.  

 

Figure 31 

 

 

 


