Chapter 1
Vacuum BF Gravity

Vacuum gravity, in general, is understood as the description of the effects of
the gravitational field with not any form of matter coupled to it. In general
relativity and newer descriptions of gravity, matter is composed of four types
of fields, (i) the electromagnetic field, (ii) Yang-Mills fields, (iii) the scalar
field, and (iv) fermions. In this thesis, we are especially interested in coupling
the scalar field to a BF gravity formulation.

From a classical point of view, vacuum gravity obeys the Einstein field

equations in vacuum [5] [4]:

1
R, — ig,wR + g =0, (1.1)

where R, is the Ricci tensor, contracted from the first and third indices
of the Riemann curvature tensor, R”,,, — R0, guv is the metric tensor,
R = g""R,,, is the Ricci scalar, and A is the cosmological constant, which is
interpreted as non-zero vacuum energy in field theory. We follow the notation
in which Greek indices stand for spacetime indices. The first two terms of
the left hand side of the previous equation are referred to together as the
Einstein tensor, G, = R, — %gWR.

If one finds the Einstein tensor to be an unsual mathematical entity, it

would be a good idea to state some of its properties to convince ourselves



that it is the right choice to describe gravity. G, was constructed in order
to fulfill the following considerations, that [4]

1. G = 0 in flat spacetime,
2. G, must be constructed out of the metric and the Riemann tensors,

3. and that G, be linear in the Riemann tensor, symetric and a second
degree tensor, in order of it to be compatible (in the colloquial sense
of the word) with the energy-momentum tensor from field theory, 7},

, and have null divergence, div(Guv) = 0.

A better description of the Einstein field equations can be written in

terms of a non-coordinate basis. Its vacuum form is:

* Frigr +*Frxrng + *Frpox — Aergxr = 0. (1.2)

We call Fj; the curvature of the spin conection. Lorentz indices are rep-
resented by Latin letters. While the two descriptions are equivalent, it is
important to point out that there exists a fundamental difference in that
(1.2) makes no reference to the metric tensor field, but rather to the tetrad
field or wierbein, e!. Among other advantages, the tetrad formulation of
gravity admits the coupling of fermions, while the previous one fails to do
SO.

Equations (1.1) and (1.2) can be obtained from variational principles,
Therefore with the appropriate choice of some Lagrangian (density) one can
make a full description of gravity. Hilbert was the first one to propose an

action principle for the equations of motion (1.1). He proposed [5] [4]

Sulg] = / VgRd'z, (1.3)
M4

with g = det(gu,). As it turns out, the simplest Lagrangian density, v/—gR
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yields (1.1) with zero vacuum energy when one performs the variation with
respect to the (inverse) metric tensor. (1.3) is known as the Einstein-Hilbert
action. Note that by making R — R — 2A one obtains exactly (1.1).
Furthermore, one can make the connection independent of the metric
tensor, and therefore make the curvature exclusively dependent of the con-

nection. An action principle that allows for this is [5] [4]
Sulg.T) = [ V=99 ByulT)d's, (1.4
M4

This equation is known as the Hilbert-Palatini Action. The variation with
respect to the metric tensor yields (1.1), once again, up to the cosmological
constant, which can be introduced by adding —2,/—gA to the lagrangian
in (1.4), while the variation with respect to the connection gives rise to the

torsion free condition,

Vg =0, (1.5)

which indicates that I' is the Levi-Civita connection. We call V the covariant
derivative as defined by the Levi- Civita connection.

The Palatini formalism is more conveniently expressed in terms of the

tetrad field:

A
Sle, A] = / [*(el Ael) A Fry[A] - EejJKLeI nel nefnel] . (1.6)

M4

A is identified a posteriori as the spin connection when one performs the
variation of (1.6) with respect to the connection. The variation with respect

to the tetrad yields precisely (1.2).

1.1 Introducing BF gravity

A BF theory has the following structure:
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SIB, A1) = / [BY A FpyA] + GIB. ] . (1.7)
M4

where B!’ is a 2-form which plays the role of the dynamical tensor field,
replacing the metric tensor, F//[A] represents the curvature of some con-
nection A, and G represents a constraint which depends of i = 1,...,n
multipliers ¢;. The first term in (1.7) is said to be topological, for it conferes
no degrees of freedom to the theory. It is by introducing the constraint G to
the dynamical field that the theory acquires degrees of freedom, and hence
becomes physical.

The first action of the BF type proposed to describe gravity was con-
structed by Plebanski, namely, [6]

Sp[¥, A] = / [Si A FUA] 4+ AS; A X1, (1.8)
M4

with ¢ = 1,2, 3, and satisfying the constraints

3NIAYT =69y, AXF = 6%, AXF =0, (1.9)

and A’ is a complex self-dual connection in the form of 3 complex 1-forms
(as opposed to the spin connection with 6 real 1-forms). Sp has come to be
known as the Plebanski action, and became the first motivation to explore
the possibility of describing gravity with constrained BF theories. On this
matter, it can be readily noticed that different constraints G will produce

different action principles. Some succesful approaches include actions of the

type,

1
S[B, A, ¢, ] = / {B” A FrylA] + —§¢1JKLBU ABXE + uH[Y|

M4
(1.10)
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with p some Lagrange multiplier. Which can lead to two conditions through

the variation of u, namely,

Hy =y, =0,
H2 = EIJKL’(b[JKL =0. (1.11)

One can recover the Holst Action Principle [7],

1

Sle, A] = /[*(eIAeJ) + =l A e A FrylAl (1.12)
M4 K

by substituting the equations of motion into the original action (1.10), using

the conditions (1.11). Some comments on the Holst action principle will be

made at the end of section 1.2. There is however, another natural way to

recover (1.12), as we will see in the following section.

1.2 The CMPR action principle

This section is based on the original article [§].

As we have seen, conditions of the form (1.11) have been explored with
action principles of the BF type of the form of Eq. (1.10). The CMPR
action principle introduces a more general constraint that gives rise to the
Holst action in a natural fashion. In terms of six antisymmetric 2-forms,
B!V = —BJI: an SO(3,1) connection, A’ ; which gives rise to the curvature
Frj[A] = dAT; + Al A AK 5 ; a Lagrange multiplier 175 which satisfies
YrkL = YkLis, Yiokr = —YukL, and YL = Yok, leaving 21
independent components; and one Lagrange multiplier u, the CMPR action

principle has the following form:
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1
S[B, Aﬂﬂ,/j] = /[BIJ A F]J[A] — §w[JKLBIJ A BEE
M4
— wlarr s + agbryre e’ EE)). (1.13)

The variation of with respect to the independent fields gives rise to the
equations of motion.

To first order, varying the dynamical field, B/, yields

5B : FIJ[A] — ¢[JKLBKL =0. (114)

The variation with respect to the connexion yiels

§A:DBY =, (1.15)

where D is the covariant derivative with respect to the Lorentz connection

A. In particular, the covariant derivative of a 2-form is defined as

DB =aB" + Al A BEY 4 A7 A B'E. (1.16)

Finally, one can obtain the following equations through the variation of

the multipliers:

oy : B A BEE 4 2a1,u77[I|K|17‘]}L + 2aoue’ KL = 0, (1.17)

and

Sp: arpry’ + agibryrre’ Kl = 0. (1.18)

In fact, we see that the variation with respect to p imposes an additional
constraint to the Lagrange multiplier ¢ 77k 1. Also, by solving Eq. (1.17) we
know the form of B!/,
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BY =ax (el nel) + Bel ne! (1.19)

with the coefficients a9, a1, a, and 3 related by

az a4+ oB?

1.2
ay 4o (1.20)
We can now plug in the form of the dynamical field (1.19) into the equa-

tion of motion (1.15):

dlax (el nel) + el Nel]+ Al ANax (ef Ae?) + Bel Ae]
+A g ANax (e Aed)+Bel Ael] =0, (1.21)

This equation is equivalent to

de! + Alg nef =0, (1.22)

if det(eﬁ) # 0. This is the exact definition of the spin connection A = Ale].
We can verify that this is true by performing a counting argument: The
expression (1.21) are 6 equations for 3-forms on a 4-dimentional manifold,
yielding a total of 6 x 4!/(4 — 3)!3! = 24 independent equations, and in
(1.22) there are 4 equations for 2-forms on a 4-dimentional manifold, yielding
4 x 41/(4 — 2)!12! = 24 independent equations.

We notice that the second and third term of (1.13) vanish by virtue the
equations of motion of ¢ and g, (1.18) and (1.17). Having identified the
connection, we can now subsitute for the form of B!/, Eq. (1.19), into the
first and only surviving term of the CMPR action principle (1.13). We obtain

Sle, A] = a /[*(ef nel) + gel Ael] A FrylAlL (1.23)
M4

This is exactly the Holst action principle multiplied by an arbitrary con-
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stant . We identify the Immirzi parameter as /(.

As claimed, one can fully recover the Holst action purely from the CMPR
action principle. For its importance, we wish to discuss on the importance of
this action. It was proposed in 1996 by Soren Holst as a generalization of the
Hilbert-Palatini action principle in order to derive Barbero’s Hamiltonian,
which gives rise to the canonical variables of the phase space of general
relativity, from a variational principle.

Ashtekar proposed a pair of geometrical variables for general relativity
which led to a simple Hamiltonian. These, known as Ashtekar variables, are
succesful in that they allow the use of loop variables at classical and quantum
level. However, a difficuly arose in that the variables must be complex in
order to describe Lorentzian spacetime, therefore asking for additional reality
conditions to be imposed. Later, Barbero proposed a new set of variables,
known as Ashtekar-Barbero variables, which lead to a real formulation of
general relativity, without the need to impose additional constraints [9] -
although the simplicity of Ashtekar’s Hamiltonian is lost.

The variational principle from which Barbero’s formulation is derived
includes a non-zero parameter, known as the Immirzi parameter. It reads as

follows |7]:

Sle, A] = /[*(efAeJHlefAeJ} A Frj[A]. (1.24)
M Y

The Immirzi parameter appears as -y in the so-called Holst term in the
previous equation. Omne can see that the structure of the Holst action is
a natural extension of the Hilbert-Palatini action. As a matter of fact, by
making 1/v = 0 one can recover the latter.

Another interesting case consists in making 1/ = 7, the imaginary unit.
This is equivalent to writing down a Hilbert-Palatini Lagrangian in which
the curvature F7j is replaced by its self-dual form. This would lead to
Ashtekar’s Hamiltonian. The most interesting case is when one sets « to
be a real number. This gives rise to a plethora of quantum theories of
gravity. As it turns out, the parameter is typically normalized to match the

Berkenstein-Hawking entropy of a black hole.
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A fundamental feature of the Holst action is that the Holst term is exactly
equal to zero from a classical point of view, making the action equivalent to
Hilbert-Palatini. This property is guaranteed by the curvature which has
to obey the Bianchi identities, once the spin connection has been idetified,

namely, it satifies the following equation:

Frikr + Frxrs + Froox = 0. (1.25)

By virtue of this identity, the Holst term in (1.24) is:

/61 A et AN F[J[A] = / eiel{F[Jagaaﬁ“”d‘lx

M4 M4
=o€ / det(ei)eieie%ege‘&e]”VFUaﬁeKLMNd‘lx
M4
=o€ / det(eﬁ)5&5,@6?{6€FIL}&55KLMNCZ4$
M4
= 0¢& / det(eﬁ)F]JKLzSIJKLd4.%'.
M4
So now we can verify that Frjrre! 7KL =0,

Frygre'”™ " = Fgse®® + Foisee™™ + Fop13e”"? + Fogz ™!
4 Fus19e%12 4 Fuaore02! 4 0951023 4+ 01082
+ Fi03e"?% + Flag0e'™® + Fizp0e™? + Figooe'®®
4 o562 4 Fogs e203 4 Fyy05e2103 4 [yy50e2130
+ 310”10 + Fog16¥! + F30126™12 + Fyp01°0%
+ F310263192 + F3190®120 4 F390123%%! + F9106%2%°
= 4[(Fo123 + Fo2s1 + Foz12) — (Fo213 + Foiz2 + Foza1)]
=0.
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In the last line we used the identity (1.25). We have adhered to the con-
vention that the Levi- Civita symbol is equal to € = 1 for even permutations.
Since the Holst term provides no degrees of freedom, it is said to be a

topological term. Indeed,

Sle, A] = /el ANel A FrslA] (1.26)
M4

has long been conjectured to be a topological theory. Recently, Liu, Mon-
tesinos, and Perez have shown that this conjecture is correct in the absence
of boundaries and they argued that the quantization of the theory might be
relevant in the study of the entropy of black holes in loop quantum gravity
[10].

A closing comment on the Holst action principle would be to point out its
importance for the non-perturvative quantization of the gravitational field,
especially from the loop quantum gravity viewpoint. As a matter of fact, it
plays a central role in said theory, being the starting point of the canonical

and path integral quantization of the gravitational field.

1.3 The Montesinos-Velazquez action principle

This section is based on [11].
The Einstein field equations including a non-zero vacuum enery term in

the form of the cosmological constant, as we have seen in Eq. (1.2), are

Frixe + " Frxrs + " Froox = Nerjrr. (1.27)

As in the case in which the cosmological constant does not appear, it
is possible to build an action that will yield Eq. (1.27). In terms of the
same fields that were introduced for CMPR, along with three constants H,
l1, and lo, and the cosmological constant A ;| the following action principle

is proposed:
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1
S[B, Ay, p] = /[BU N FrylA] - §¢1JKLB” A BEE — p(ayiprs'’
M4
+ agtpryrrelEF — H) + 1By y A BY +1,B1; A xB.
(1.28)

The modification includes some constant H that will give rise to a new
relationship between the invariants ;7 and e//5Ler 1, as well as two
natural additions /; and I which appear on the volume terms B;; A B!’ and
Brj A B,

The variation with respect to the connection A and the multiplier ¥; sk,

yield the old equations of motion (1.15) and (1.17), namely:

§A: DB =, (1.29)

and

6« B A BEL 4 2a, ! EIpJIL 4 96, et 7KL — . (1.30)
The fact that these two equations hold allows for the form of B’ to

remain the same, in virtue of Eq. (1.30),

BY = ax (el nel)+ B(e! A€, (1.31)

along with the coeflicients relationship

a _a’+of? (1.32)
a1 4a8 ’

but also protects the connection, in virtue of Eq. (1.29), letting A remain
the spin connection.

We can convince ourselves of the claim made, that the expressions By A
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B! and Brj A *B'/ are the volume elements of the theory by substituting
for the tetrad fields. We find:

By A Bl = aﬁsIJKLeI Ael Aef A eL,and

1
B[J/\*BIJ: 5(042(7—1—62) EUKLeI/\eJ/\eK/\eL. (1.33)

On the other hand Eqs. (1.14) and (1.18) no longer remain valid. Instead,
performing the variation with respect to the dynamical field, B!/, yields

0B : F[J[A] —wIJKLBKL—F%lB[J-i-QlQ*B]J =0, (1.34)

and the variation with respect to the Lagrange multiplier, i, results in

o a1¢[JIJ + a2¢[JKLEIJKL —H=0. (1.35)

We see that Eq. (1.34) establishes a new relationship between the curva-
ture and the dynamical field, implying therefore a new relationship between
the curvature and the tetrad field. Equation (1.18), as we said before, im-
poses a new relationship between the invariants.

As in the previous case, we rewrite the action (1.28) in terms of the tetrad
field by substituting for the 2-forms in Eq. (1.31):

Sle, A] = / 0% (e' Ae”) + Bel A e’] A FiyA] + uH
M4

l
+ [Lhaf + §2(a20'+,82)]€[JKL€] Ael nef nel]. (1.36)

We are left to verify that the BF theory leads to natural constraints for
the curvature that will guarantee that the Bianchi identities (1.25) hold,
as the spin connection obliges that they be satisfied. These in turn will
establish the relationship between the new constants, H, I, and I3, and

the cosmological constant, A, that will allow for Eq. (1.36) to be exacly
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equivalent to the Holst action with non-zero vacuum energy.
Writing equation (1.34) in terms of the tetrad field, and the expanded

form of the curvature Fj; = %F ke’ A el has the following structure

Froxre™ nel =2[ay* 1k + Bvrixr — (o + LB)erikr

— (1B + lbao)(nrrnsr — nxnir)le’™ Aet. (1.37)

Where we have made use of the definition of the right dual ¥*;;x; =
%5KLMN Yryvmn in the previous expression. The Bianchi identities impose

the following restrictions on ¥ysx1:,

200 kL + ¥ kL + 0 nok) + 28k + YikLs + YiLik)
—6(lla+12,8)51JKL =0. (138)

This restriction allows us to remove to rewrite the curvature in such a
way that it naturally satisfies the Bianchi identities, once the relationship
between the constants has been determined, by directly substituting for the
term —2(li + l28)erskr in Eq. (1.38) into Eq. (1.37):

* 2 * * *
Frixr =20y 1y + 281Kk — ga(w 1IKL VU kg + U 1K)

2
- gﬁ(wIJKL + Y1y +YrLak) — 2(LB + lao)(MiknsL — NIKNIL)-
(1.39)

As we said, the Bianchi identities are the key to relating the invariants.
The contraction of Eq. (1.38) with the Levi-Civita tensor density erxr,
gives rise to a relationship between the invariants ¢ 717 and el/K lef JKL,

aothrs™ + Bt —120(la + 1b8) = 0, (1.40)



1.3 The Montesinos-Velazquez action principle 14

while the variation with respect to p in equation (1.35) also relates them.
Combining these two equations, together with (1.32) one obtains
I « 1J B> 28
BYrs +ap T + 1280 + 12—2 - airH =0. (1.41)
1
Contracting Fryxr — F!71; as it is expressed in Eq. (1.37) and com-

bining it with the contraction of the Einstein field equations (1.27) with the
Levi-Civita symbol, 4A = F1/ ;. one obtains

ap* 17 4 Byt = 12(11 8 + lhao) + 2A. (1.42)

The last equation is the only exception for the Bianchi identities to be
satisfied. This can be fixed by determining the correct relation between the
consants H, l1, lo, and A together with a; and as. One can obtain such

relationship by combining (1.41) and (1.42) into

A

Ho=ay |120 + 410 20y + = | .
ai B

This choice of ‘H guarantees that all of the Bianchi identities will be

satisfied. Additionally, by plugging this result into (1.36) one can readily

(1.43)

recover

A
Sle, A] = « / [[*(el ANel) + gej Ael] A FrylA] - 1—251JKL61 Nel Nef el
M4
(1.44)

which is the Holst action principle with cosmological constant, as expected.

A closing comment on this chapter would be to summarize the impor-
tance of BF theories. First of all, we have seen that the study of said theories
gives rise to a rich approach to the study of gravity since, by handling the
restrictions that one imposes on the dynamical field, one can obtain gravita-
tional theories that fulfill different purposes. Additionally, we have explored

in detail two of such BF theories that correctly describe gravity with Immirzi
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parameter with and without cosmological constant, by correctly handling the
equations of motion. This is a display of the power of the BF formulation of
gravity. Finally and most importantly, we argued that a major motivation
for the study of BF gravity is that it allows for the projects of quantization of
the gravitational field to continue from its canonical quantization and path

integral viewpoints.
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