Appendix A

Explicit Calculation of the
Amplitudes of h'— > 7

Our interest in this appendix is to show the explicit calculation of the different
amplitudes of the sixteen possible Feynmann Diagrams with Flavour Violation
in MSSM taking our Ansatz [11]. The calculation will lead us to a constant wich
we call as i, the scalar S, and pseudoscalarP; . bart of the amplitudes. After
we know the scalar and pseudoscalar part of each possible Feynman Diagram
we proceed to calculate

2
QL p ’ ’
L(h'— > pr) = &T;;ML@z{ﬂSij +[Pil?) (BB + p%) + (|1Pjrl* — Sjkz)mrmu}
hO
(A1)

where

VImo = (my +me)?|m3s — (my, —my)?)

2mh0
m, = 17760907
C
GeV
m, = 0.1056583715;
GeV
mpo = 125-° (A.2)

c2
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| 7 k2 )
H(a) .
h? ) 5
(p) .................... L B( a, )
fia,)
m(k )

The amplitude is the integration over the momentums of the quantum loop
correction.

(A.3)

,where 9819 Bis 29RO fin i TEPTEsent the interactions and are taken from the
respective Lagrangians. Pp, Py, represent the propagators. In table are
shown the propagators that are of our interest.

We Substiute the respective propagators, taken from table

From Lz, we have that the interaction gz . is

_9%

9Bup =~ tanfu[3 +7s] (A.5)

Similarly from £z fp we obtain the following expression

gs
Ippar = — = tanbu[3 + 7] (A.6)

Substituing in we obtain:

d'q gep i(gp +mp) gse
My = | =5 (k) * Z¢anb, (3 22 B I inb, (3 (ko) *
w= [ Gt L0+ 20) P a3 55 e )
. i i

O ———

i —mi, 7 s —mi
. 2 ~
19°54,Cy 9, qu +mpg 1 1

—gnoiin 7 10 0wt (k1)(3 + 75)761% —m2 (3+ 75)Ur(k2)q% “ T g — 2
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Labeling the following expressions as a11,/V7 and Ds:

ig®s.,c
a11 = —Ghoj i g 12; ? tan?0,,
Nt =0.(k1)(3 4 75)(gh + mp) (3 + v5)ur (k2)
Di = (g5 —m3) (g —miy,)(gs® —mi) (A.8)

where gno, i, = 5%(Qz + X7) + ¢ (Qu + Xp) — ;G

We can express the amplitude as:

d*q1 Nu
Mll :all/WFH (Ag)

Expanding the products of Ny and substituing g3 = k1 + ko + ¢q1, g2 = ko + 1

Nit = (k)3 +75)(ge + mp)(3 +vs5)ur(k2)
= Du(k){9(gh + Ko +mp) +3(gh + Mo+ mp)ys +75(gh + Ko +m )3
+ v5(gh + Mo+ mp)ys fur (k)

We use two properties of the Dirac matrixes

7% =1
Y = =775
(A.10)
And substituing
gl = ’Y“qlua %2 = ry'qup,
N1 = @M(k1){9(7’t(hu + ’Y‘ukzu + mg) + 3(7“(11“ + ’}/”k’gu + mB)’Y5 + ’75(’YH(I1M + ’y”kzu + m,;,)?)

+ vs(gh + Ko+ mp)ys fur (ka)
0, (k) {907 @1y + ko +mp) + 3(— 57" a1 — V57 k2 + Y5m3)
+ 35 (Y qup + ko +mp) + s (= qr — V57 ko + vsmp)] bur (k2)

= Eu(kl){S'y“qlu + 8vkoy + 10m g + 675mé}uT(k;2)
= (k1) {8¢h + 8ko + 10m + 6y5m 3 fur (ko)

If we substitute the expression above in M7, and q3 = k1 + ko +q1, g2 = ko + 1
in D11

a / O (k) {84 + 8Ko + 10m5 + Gysm fur (k) (A.12)

((k2 + q1)? —m%)(af —m2 ) (k2 + ki + q1)? —m2)
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We separate the integral, since the integral is a linear operator.

M= ““M’“’{S/ O ) (4 k) — ) —q?n%;lx(ql ks + ) —m2,)
i 8%/ (2m)*((q1 + k2)? — m%)(‘l%i?’bfh)((% + kg + k1) - m)
- mmé/ @) (g + ka)? — m2) (@3 %ﬁl)((ql Tyt k)? — )
+ oons | G —m3)(aF d4%1)((ql Tk )2 m,hz)}“f('“"’)
(A.13)

We use the generalized cases in Ec. [£:26] and Ec. [£.38| of the integrals IC1 and
I1C2 with j =1 and k = 1.

2

i

A4i1 = —-8(7

hout

{Bi1 — FooCr1 } +im* Foo{8ky + 10m s + 6y5mp}
(A.14)

We use the completeness relation that states that fou, (ko) = m,u, (ko)

2 10
M, = -8 o {Bi1 — Foo[Ci1 + Chopr(mr + —mp)]} + 6in Fooysmy
Crom 8
= Tyu(k1)o1{S11 + Pi1}ur(k2) (A.15)
where we called as S1; = —SC:::;; {5’11 — Foo[Cr1 + Chopr (Mg + 18*07”5})]} and

P = 6in?Fysm 5 because one is scalar and the second one is pseudoscalar.
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(k,)

We continue with amplitude M;5. We calculate it with the following equation.

d4l]1
My = / e

X 'D,u(kl) X géﬂw X PB(qQ) X géﬂzT

From Table [3:3] we have that

X ur (ko) X Py (q1) X gnojiy i X Pai(a3)
(A.16)

gc
I = == tanbu[3 + 7] (A17)
S
9Biar = —%t(mew[l + 35] (A.18)
(A.19)
And from Table [-3] we obtain
i(dy +mp)
Ps(q2) = =52 A.20
e = 2 (A.20)
i
P, (q1) = (A.21)
Mz( q% . m;212
i
P; qs) = (A22
00) = )
Substituing the propagators and two of the three interactions in the integral,
we obtain
d*qr gc i(d, +mp)
M12 = / (27r)4 X Uﬂ(kl) X thanew[?)—l—’yg)] X m X
g8y i i
X =Ltanby,[1 + 3vs5] X ur(ka) X ———— X groa, g, ¥
1 wl ] 72— m;212 Aafie X 2 m;211
d4Q1 ighoﬂlﬂzg2c§08@ 2 g +mp
= - tan<0,, x v, (k 3 22
/ (27T)4 16 an X (U,U'( 1) X [ +’y5] X q% _ mQB
X [14 3vs5] X ur(ke) X ! X L
8 Ur
i YU emy, g - my

(A.23)
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Labeling as a15,D12 and Ni5 the following expressions:
ighoﬂlﬁ‘ngCSPSLP taanw
16
Diy = [¢5 — m%lg7 — m2, g3 — m3,]
Niz =0, (k1)[3 + vs]ld, + mpl[L + 3vs]ur (k2)

Q12 = —

(A.24)
We have that:

d*q1 Nio
M12 = Oélg/me (A25)

Working with Nj5 and leaving it in terms of ¢, using

Nz = 0,(k1)[3 +5]ld, + mpl[l + 3vs]ur (ko)

w (k) {3(d, +mp) +3(d, + mp)3vs + 75 (d, +mz) +75(d, +m5)375 pur (k)
(k1) {3(d, +mp) +975(—dy +mp) +75(dy +mp) +3(—d, +mp)fur(k2)
(k1)
(k1)

\
SRS

|
S

(k1 { — 875512 +10mpgys + GmB}uT k2)
u (k1) { = 8ysky — 8v5¢, + 10mpys + 6m 5 fu- (ko)

I
1]

(A.26)
Leaving D12 in terms of ¢;

Dig = [(ka + q1)* = m3][a} — m2|[(k2 + k1 + ¢1)* —m?, ]
(A.27)

We substitute Ni2 in M1, and we separate the integral

= Q12¥ — 0 .
Mz = o0 #(’“1){ 875%2/ 2m)* [(k2 + q1)? — m%][af — m2,][(k2 + 1 + @1)% — m3, ]

,8’75/ d4q1 gl
@2m)* [k + q1)2 — mE][6F — m2,][(k2 + b1+ q1)2 — m32, ]
d*q: 1
+10mg0s |
MBS | @) (ke + a1)2 — mE]lgE — m2,][(ke + K1+ a1)2 — m2,]

) 0 1 "
toma / (2m)* [(k2 + q1)* = m%][q} — m2 |[(k2 + k1 + q1)? —m2 ] } (h2)

(A.28)
Using the result of the generalized integrals in Ec. we obtain
My = 0412%(161){ — 8im? Frgvsks FoCia}s
+  10in*mpFeys + 6im BWQFCO}uT(kg)
_ . 9 im? 10
= a12vu(k1) 6ZmB§7T Foo+8 " {812 — FCQ(Clg + Chom(m gmg)}'ys ’U,T(kg)
uT

(A.29)
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where we used the completeness relation Fyur(ke) = m,u,(ke) Or separating
in the scalar part and pseudoscalar part

512 = GimBﬂ'QFcO

i7r2 10
il {812 - FCO(012 + Chou‘r(mT - 7m§))}75

P12 = 8 3

Chor
(A.30)

Miz = o120, (k1) {S12 + Pr2 pur (k) (A.31)
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7 k2 )
(q,)
R(p) ) -
............................ < B( a, )
fia)
(k)
We have that
4
M3 = / (27:])147%(761) * 9B * P3(q2) * 9p# -+ * ur(k2) * Pr (q1) * gnosy 7, * Py (43)

(A.32)

However, from table we have that the interaction of higgs h°,fi;, , 71 is zero,
since it does not exist in the Lagrangian. Therefore gpo;, 7 = 0 and we obtain

M3 =0 (A.33)
For simplicity it will be written

13 = 0

Slg =0

(A.34)
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We have that the amplitude M4 is

(k)

d'qp
M14 - / (277)4 X Uﬂ(kl) X gEﬁl/L X PB(Q2) X gE‘FQT X u"'(k2) x P‘F2 (ql) X 9ROy 7 X Pﬂl ((]3)

From Table we have that

= —%tan@w (3 + 5]
¢

Giirar = — 252 tandy[3 4+ 5]

From Table [£.3] we obtain

’L(g erB)
Pslq2) = q22_ m2
2 B
)
Pf’z(‘]l) = C]2 m2
1 Fa

From Table

Ihofiyme = Csascp(Q% - Q,] + Xz — Xﬁ)

(A.35)

(A.36)

(A.37)

(A.38)
(A.39)

(A.40)

(A1)

Substituing the propagators and the respective interactions, we obtain

d*q, gc i(d, +mp)
M = — 7, (k) =2 tanb,[3 5 —rz =
14 /(27T)4UH< 1) 4 anbly[3 + 5] q%*m%
b _t
q% — m72~_2 ghoulrz qg — m%d
d4(]1 igh0ﬁ1%292ci 2
- t 0.0, (k1)[3
o e 0,003+ ]
1 1
X ’LL-,-(]CQ) 3 3

—m2 42 _
gy —mz, g3 — My,

%tan&w [3 + vs]ur(ka) x

+m

2 B
13+ X
q2—m2[ ”s)

2 B

(A.42)
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Labeling the following expressions as a4,/N14 and D1y

Nig =0, (k1)[3 + vs]ld, + mpl[3 + vs]ur(k2)

) i 7 202
gy = —7%0’“159 ? tan’0,,
Dyy = [¢5 — m%llgf — m3, ]G3 —m3)] (A.43)
Therefore, we can rewrite My, as
d*qr Nis
My = —_— A.44

As it can be noticed Ny4 is exactly as Ni; in [A.8 Therefore substituing Ny in
the expression above

= 140 4 q/l
Mha = o “('“){8/ O oy (@ + R — mi2) (@ — ) (@r T o+ B —m2)
d4Q1
i 8%/ (2m)4((q1 + k2)? — m2)(q7 —m2) (g1 + ko + k1)? — m2,)
~ d4(]1
oy @ (a1 + ) — )@ — mZ) (a1 + Fa & k)% — 1m2)

: d*q:
01515 / (2m)*((q + k2)? = mE) (g —mZ) (g1 + k2 + k1) — myz,2) }

UT(kQ)
(A.45)

Using the integral generalization in Ec. [1.26] and Ec. [£.3§] for this particular
case (j=1,k=4)

im? .
My, = 01141_}#(/€1){ -8 {814 — FC()C’14} + Z7T2Fco{8%2 + 10m1§ + 675m3}}u7(k2)

Choyur
(A.46)

We use the completeness relation that states that fou, (ko) = m,u, (ko)

im? 10 .
My, = 04141}H(k‘1){ — SC;L {814 — FCO[CI4 + Cho,“—(mr + gmg)}} + GZWQFCO’YS}UT(kz)
0pr
= 0114’17“(]€1){S14 + P14}U-,—(k2) (A47)

where we separeted the scalar and pseudoscalar part of M4 in S14 and P4
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| k2 )
H(a)
h° T 5
(p) .................... < B( a, )
()
m(k )

We follow the same algorithm for calculating the amplitude. The amplitude is
represented by M,y and is calculated as follows

d*qr
My = / @i~ Vu(k1) X 935, X P(@2) X 9pp,, X ur(k2) X Pa,(q1) X gnog,n X Pps(q3)

)
(A.48)
We take the propagators and interactions from tables
c
9Bpon T —%m”@w[l + 375 (A.49)
S
9B, = —%taan [3 + 5] (A.50)
’L(q —l—mé)
Pylge) = ———— (A.51)
P g5 —m
i
Pi(q) =—5—> (A.52
M1< q% _ mgl )
i
P, () =—7%5 (A.53
/J2( qg _ m%@ )
Therefore we have that
d*q .\ gc i(d, +mp) gs
My = / otk L tand 1+ 395) =20 o L tanf, [3 + s (kz) x
o i i
P —
o, "
d*q ighouzmg%wsv 2 g, +mgp 1 1
= — tan®0.,0, (k1)[1 + 3v5] 2——[3 + 75 )ur (ko
[ e et )L+ 306] T8 el )
(A.54)
And as we did in the last cases, we label an expression Noj,a91 and Doy
Qo = ——ighom"llgz%s@ tan?6,,

Noy = vu(k1)[1 + 37s]ld, + mp][3 + vs]ur (k2)

Doy = (g5 — m3][qf — m3 J[a5 — m2,] (A.55)
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4
Using the expressions above we can express Ms; as My = a1 f (d27f)14 %

We expand Ny;. We use the dirac matrix property v57* = —y*5.Also we know
that fo = v*kay, 4, =1"ap

Noi = 0, (k1)1 + 3vs][d, + mal[3 + vs]ur(ke)
= Vu(k){(d, +mp)3 + (4, + mp)ys +375(d, +mp)3 + 3vs(d, +mp)vstur(k2)
= vu(k){3(¢, + mp) +v5(—d, + mp) + 954, + mp) +3(—d, + mp)}us(k2)
= Uu(k){8754, + 10vsmp + 6m s }ur (k2)
= U (ki){875(d, + ko) + 10vsmp + 6mplus (k2)
(A.56)
We substitute Nop in Ms; and substitute g3 = ko + k1 + q1,q2 = ko + q1 in Doy
d4(11 qA
M. = v, (k1)] 8
n = (s [ G P = 2, T o + @) =,
d4Q1
+ 8 /
5Kz | G+ a1 T —m s + Fa ¥ 0?7l
d4(11
+ 10 5 /
VB | @m)i[(ky + q1)% — mZ]qE — m2,J[(ka + k1 + q1)2 — m2,]
+ 6m~/ a1 }u (k2)
BJ@m)Y (ke + q1)? = m%)gd —m2 J[(ke + ki +q)2 —m2 1] 7 2
(A.57)

We use Ec. and Ec. and substitute the value of the integrals above.

For this particular case j =2 and k = 1.
;2
i
My = 012117#(/%‘1){ - 8750

hOut

{Ba1 — F.0Ca1} + 8ysmim? Feg + 10ysm gin®Fuo + 6in°m BFC()}

im?

= aglﬁﬂ(kl){GiﬁszFCO — 80

10
{Ba1 = Feo[Ca1 + Chopr (mr + 8m,§)]}'y5}u7(k2)

(A.58)

hoput

and where we used the completeness relation fou, (k2) = m u, (k2)
If we label the scalar and pseudoscalar part

So1 = 6ir’mpFe (A.59)
im? 10

Py = —80 {Ba1 — Feo[Ca1 + Chopr (mr + —mp)}ys
hout 8

(A.60)

Mo = aglf}u(kl){Sm + le} (A61)
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2
iya,)
h” e 5
A < B(a,)
()
a(k,)

We use equation since the momentums are labed in the same way. We have

d* q1 _
Moy = / (2 Uﬂ(kZ)gBuw Pg(g2) * 9Bjiyr * Ur (k1) P, (41) * 9o pofin * Pii (a3)

)4
(A.62)
From the Lagrangian we have
gc
9Biai = —T‘pt(mew[l + 35] (A.63)
s
9Bjipr = —%tan@w[l + 37s] (A.64)
Substituing the propagators and the interactions
My = /d4q1 5, (k1) 252 tanBiy [1 + 3v5] x
22 (2m)1 VplR1 1 w V5
(% +mp) gs, i i
X —— tanBy, |1 + 3vs]ur (ko) 5= 9nofr 0. 55—
gy, 4 el )q%—mfb e
d'qr 0\ i9r0aag”C
- o (k f2fi2 ¥ S"t 29 1 3
5 1 1
X %2 23[1+3'75]“T(k2) 2 2 2 2
- Mg 97— My, 43 — Mg,
(A.65)

Labeling the followmg expressions as aog,D90 and Nos. We can rewrite Moo as

d*q1 N.
My = aga [ 2:)14 D

)
1g%Cy, s
Q2 ——ghouzuzgligwtcmg‘9

Noo =y (k1)(1 4 375)(gh + mp)(1 + 3v5)ur (k2)
Doy = (g5 —m%)(q; — m3,)(a5 — m,) (A.66)
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Expanding the products of Nay. Using the properties of gamma matrixes (A.10)

Noz = 0u(k1)(1+375)(d, +mp)(1 + 37v5)ur (ko)

w(k){(d, +mg) + (4, + mp)37s + 37v5(d, + mp) + 3v5(4, + mp)3vsbur(k2)

p(k){(d, +mp) +3v5(—d, +mp) +3v5(d, + mp) +9(—d, +mp)}tu.(k2)
(k){-
(k){-

1

1

=1

u(k1){—84, +10mpg + 6vsm 5 fur(k2)
8(ky +d,) + 10mp + 6v5m 5 fur(k2) (A.67)

=1

ukl

We substitude N22 in M22 and q2 = kz + q1,43 = kg + kl + q1 .

_ d'q
Moo = k -8

=omto) =88 [ R e

_8/ o,
((k2 + @1)* —=m%)(aF — m, ) (k2 + k1 + @1)* —m7,)

d*q
+10m~/
B (k2 + a1)? = m%)(af —m2, ) (k2 + k1 + @) —mi2)

) d*q, u
+675mB/ ((k2+q1)? — m?;)(‘l% - mi‘z)((kz +k+q)? - ngfz) } (k)
(A.68)

Using the results of the integrals in Ec. and Ec[4.26] for this particular case
(j=2,k=2)

Myy = 0[221)“(]{1){ — 8im? My FL + 8C’h i {Bas — FooCoo} + ].OmBZﬂ' Foo + 6ysmpim Fco}uT(kg)
(A.69)
We use the completeness relation fou, (ko) = m u, (k2)
My = aggvu(k‘l){ T {Bs2 — Fo[Caz + Chopr(m %)mé)]} + 675mém2pco}u7(k2)
" (A.70)

Where the scalar and pseudoscalar parts are

10
C {322 Feo[Ca + Chopr (mr — gmg)]} (A.71)
hOpuT

P22 = 675m]§27r2F00 (A72)

S22

And

Moy = 0122’1_}H(k1){522 + PQQ}UT(kQ) (A73)
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We calculate Msg as

d'q1 _
Maz = / W”u(k‘l)gﬁggw * P(q2) * 97,7 * wr(k2) Pr (q1) * gnojin 7, * iz (g3)

(A.74)
Taking the vertexes and the propagators from tables
gc
9By = ——4“0 tanby,[1 + 37s]
gc
9B7Hr = *Tw tanb[1 + 37s]
Z(g —l—m];)
Pale) =P
b g5 —m}
Prlg) =y
#\q1) = 5 2
i — m3,
Pralas) i
- (g3) = ——
H2 qg _ m%@
(A.75)

By this way we obtain that the Amplitude Msg is

g ge id, +mp) ge
Mys = /W?}M(kl)%tanﬁw[l+3vs]%ltan

Bull + 35]uur (k2)
q3 —mp 4

T 1
>< S — ~ o —
q% — m72~_2 ghouzn qg — ml212
d'q g1 9°Ch, flo t™mp
- T (k) 2002 Co 420, 5 (k)L + 3] 2B 11+ 3ys]uy (a) X
/ (2m)s 16 . a5 —m
1 1
X

2 2 2 2
g1 — Mz, 43 — My,

(A.76)
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Labeling No3,a03 and Dag as

Nag = vu(k1)[1 + 37s][d, + mp][l + 3vs]ur(k2)

) o7 2C2
a3 = _7%0#21619 ? tan’0,,
Doz = [g5 —m3l[ai —m3,][q3 —m3,] (A.77)

As it can be noticed in Ec. that Nog = Ngy. Therefore substituing Noo in
Mos

d4Q1
Mos = v, (k —8
2 = 023t ”{ ”2/ (k2 + a1)2 — m2)(qZ — mZ) (k2 + k1 + qu)2 —m2,)
—8/ d4(11g1
(k2 + 01 — m2) (@ — mZ) (ko + k1 + a1)2 — m2,)
d4(]1
+10m~/
B (k2 +@1)? = m%) (g — mZ)((k2 + k1 + q1)? —mZ,)
d4f11 }
+6 / r(k
55 | (ot an) = )@ — ) (ko + e+ a)? — i) )
(A.78)

Using the results of the integrals in Ec. and Ec for this particular case
(j=2,k=3)

Mos = azgvﬂ(/ﬂ){ — 8im’ Wy Fo + SC’ZQT {Bas — FeoCas} + 10mgin®Foo + GVSmBmZFcO}“T(kQ)
' (A.79)
We use the completeness relation fyu,(k2) = mou,(ks).
M3 = 042311”(761){863;27 {Bas — Feo[Cas + Chopr (mr — %)mé)]} + 675mgi7T2Fco}ur(k2)
' (A.80)

Where the scalar and pseudoscalar parts are

im? 10

Soz = 8C {[323 — Fo[Ca2s + ChouT(mT — gmé)]} (A.81)
hOuT

P23 = 6’}/5méi7T2Fco (A82)

And

Mgg = 01231_}#(1171){323 —+ P23}u7-(k2) (A83)
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d4(]1 _
My = / (277)4%(%)93% * Pp(q2) * 9pz,y, * ur(k2) Pr(q1) * gnoiy 7 * Py (43)

However from table [3.2] we have that

ghOHQTz = O
Therefore

Moy =0

(A.84)

(A.85)

(A.86)

We write the scalar, pseudoscalar and the constant asy as zero for simplicity

Q24
Sos =
Py =

(A.87)
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We proceed to calculate the Feynman branching ratio of the following Feyn-
man Diagram.

(k)

We have that

d4(]1 _
Ms; = / (27T)4Uu(k1) *9pr * Pp(@2) x 954, * ur(k2) x P (q1) * gnoz, oy * Pry (q3)
(A.88)

However, from table we have that the interaction of higgs h°,7 , i1 is zero,

since it does not exist in the Lagrangian. Therefore gpoz 5, = 0 and we obtain
Mz =0 (A.89)

We write the scalar, pseudoscalar and the constant «g; as zero for simplicity

Q31 =
S31 =
Py =
(A.90)



We can take as the fourth option the Feynman Diagram

T k2)
fi,(q,)
h? o .
(p) .................... L X B( q2)
T qS ) T
(k)

The Amplitude is
Msp = /

Obtaining 9Bpsr 9B p from table we have that:

d*qr _
(@) Uu(k1) * 9pz,, * Pp(a2) * 955,, * ur(k2) ¥

X P, (q1) * Gnor, iy * Pry (g3)

gs
0 = S 100,137

gs
9Bjipr = f%tam?w(l + 37s5)

Substituing the respective propagators and Vi,V5 in

Mss _/ (‘5:3)1 = (kl)* 4 T2 tanb, (1 + 3ys) * %gi@mng
X m * Gnor s * m
- /573)1417“( 1) * 72%07]1“629 Ltan®6, (1 + 3vs) *
1 1
T T

Labeling the following expressions:

Naz =0, (k1)1 + 3v5][ge + mp][1 + 3ys]ur(k2)
22

Q32 = GhOr s Tcptanzaw

D3y = (g5 —m3llai —m2 g5 —m3,]

97

(A.91)

(A.92)

(A.93)

(14 375) * g (k2) x

$tmp
1+3 Lk
qg m%( + 75)*u(2)

(A.94)

(A.95)
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We can rewrite M3o as

d*q1 Nay
M32 = QSQ/WDiSQ (A96)

It can be noticed in Ec. [AZ66] that N3o = Nao. Therefore substituing Noo in
M3,

v d*q:

Mso = aszvu(/ﬂ){ - 8/?/2/ (ks + q1)% — m%)(q% — mlzfz)((kQ TRt q)’ m%)
—8/ d4(]1ﬂ1

(ko +q1)% — m%)(q% — mffg)((kQ + ki 4q)2— m72:1)
d*q

+10m
mB/ (k2 + )2 = m3)(af = ) (o + o+ )2 — )
d*q }
+6 m~/ w (k
M | (o a0 — )@ — 2, (ks + Fr + an)? — ) S

(A.97)

Using the results of the integrals in Ec. 4.38 and Ec for this particular case
(j=3k=2)

2

Msy = aszv#(/ﬁ){ — 8im’ Ko F o + 802; - {Bsz — F.oCa2} + 10mpin*Fo + 675mgi7T2Fco}ur(/€2)
' (A.98)
We use the completeness relation fyu, (ko) = m u, (ks)
Msy = a?’QU“(kl){SCif {Bs2 — Fo[C52 + Chopr(mr — %)mg)]} + 675m1;i7T2Fc0}UT(k2)
" (A.99)

Where the scalar and pseudoscalar parts are

im? 10

S3y = 8C {832 — Fo[Cas + Chou.r(m.,- — fmg)]} (A.100)
hOpr 8

P32 = 675m]§2'7r2F00 (A.lOl)

And

Mz = aggﬂu(kl){s’gg + P32}UT(k2) (A102)
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| k2)
T(q,)
"’(p) ) S
............................ e . B( q2)
T qs ) T
m(k )

We proceed to make the calculation of the amplitude Mjz3

d4Q1 _
M3, = / W%(k‘l) * 95z, * Pa(a2) * 9z * ur(k2) % Pr (q1) * gnoz, 7, * Pr (g3)

(A.103)
As we have been calculating, we take the propagators and interactions from
tables
5 _ 9%
95r, = Ttant?w[l + 375]
c
9B, = —%tanﬁw[l + 375)
i(d, +mp)
Py(g2 =22 =
B( ) q% . m%
Pz (q1) i
) =
1 qi —m3,
P, (a3) :
7\q3) =
g5 —mZ,
(A.104)
Therefore
d'q gs i(d, +mp)
My — _/7 X Bu(kr) % L2 tan[1 + 3y5] x A2 T ")
(2m)* " 4 q — mzJ§
gcy i i
X Ttanew[l + 3')/5] X UT(kQ) X m X ghoz 7 X W
T1
d*qq ignos 7 g2Cy8 q, +mp 1 1
_ 5 (k T1T1 L Sat 29111 1 3 r2 b 1 3 . k.
/(277)41}/1( 1) 16 an [1+ 75](]% —m%[ + 35 ]ur( Q)q%_mgl q?Q) _mgl

(A.105)
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Labeling N33,a33 and D33 as

Nsg = vu(k1)[1 + 37s][d, + mpl[L + 37vs]ur (k2)

; 2
19R05 7, §°CpS
gy = IORNY CoSo 029

16 w
D3 = g5 — m%”ql —mz,|lgz —m3,]
(A.106)

As we can notice,the expression of N33 is the same one to Noo that we obtained
in eq. Therefore we substitute the expansion of Ny in Mss. Moreover, we
substitute q3 = ko 4+ k1 + q1,92 = k2 + q1 in D33

d4Q1
Mys = asgv(ki)] —8

= i 1){ 4 [ (o + 00 = %)@ — 12 )((a + o+ 1) — )

—8/ d4Q1g1
(o 4% — )@ — 1%, )((ka + o+ q0)% — 2

d*q

+10 ~/
"B ) (ke + a1)? — mZ)(@F — mZ) (ko + ky + q1)2 — m2)
d4(11 }

+6 ~/ u,(k
55 | s ¥ 0 — )@ = 2 ) (ks + Fr ¥ ) —mZ) 7

(A.107)

Using the results of the integrals in Ec. and Ec[4:26] for this particular case
(j=3k=3)

Mss = (ngvu(kl){ — Qim’ Ky Fog + SC’Z:[;QT {Bss — FeoCs3} + 10m1§i772Fco + 675m3i7r2F00}u7(k2)
' (A.108)
We use the completeness relation fyu, (k) = mou, (k2)
M3z = 0l3317#(/€1){8c?;2 {Bss — Feo[Cs3 + Chopr (mr — %mé)]} + 675mfgi7T2Fc0}Ur(k2)
" (A.109)

Where the scalar and pseudoscalar parts are

im? 10
533 = 8 o {633 - Fco[C;gg + Ch“;m—(m‘r - gmg)]} (All())
nT
Py = 6ysmpin®Fu (A.111)

And

Mz = Oz;;g@u(kl){szss + P33}u-,-(k‘2) (A.ll?)
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(k)

We know that the propagators and the interactions are the following expressions,
since we have extracted them from tables B3] and A3

c
IBrn = _%m”@w 3+ 5]
s
9Brp = %tan@u,[l + 35
i(d, +mp)
Ps(g2) = —F———
B( ) qg — m2§
Pru(a1) i
lq1) =
’ qi —m3,
)
P":l(q3) = C]2 _mgl
(A.113)
And we obtain that
d*qy gs i(g, +mz) ge i i
Mz, = —/ 0, (k1) =2 tan,[1 + 3y5) —2——— = 2tanb,[3 + vs)u, (k2) Ghos 7
(271_)4 M 4 [ ] q% _ mQB 4 [ ] q% _ 72:2 271 q?Q) _ m72~_1
1 1

2
71

d4Q1 1GR07,7 920 S g mp
= v, (k1 2T PP tan20,[1 + 35| 2— [3 + 5 |ur (ko
/(27r)4 n(k) 16 [ }qgfm%[ Jur( )q%—m%q%fm

(A.114)

Labeling N34,a34 and D3y as

N3y = 0u(k1)[1 + 3ys]ld, + mp][3 + vs]ur (k2)
; 42
N L R
16
Dy = a3 — mipllai —m,]lg3 —m3,]

(A.115)

4
We can write M3, as M3y = aszy f éﬂq)i % As we can notice, the expression
of N34 is the same one that we obtained in eq. [A.55] Therefore substituing Ec.
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in M3y, where Ec. [A.56fs N34 expanded.

Msa = a34“u(’“1){8”5 / (C;?)lzl [(k2 +a1)? — m3][a7 — méz][(kz R+ @) - m2 ]
+ 8wk / @) (k2 + q1)? — m%][q%cil%%][(kz kit qr)? - m3 ]
+ 10pmg / 2m)4 (ks + q1)% — mg}[q%dji;%][% +k1+q1)* —mi]
+ om | @) (ks + 01)? - ménq%djq%%znwz T E ) - ] }“T(’”)

(A.116)

We use Ec. and Ec. [£.38 and substitute the value of the integrals above.
For this particular case j = 3 and k = 4.

im? . . .
M34 = ()(34’Uu(k'1){ — 8’)/5 C {B34 — F00034} + 8’)/5m-,—’L7T2F00 + 1075m];,z7r2F00 + 627T2mBFco}
hOpuT
) L i 10
= ()(34’Uu(k'1) 6im m,;,Fco — 80 : {334 — Fco[034 + Cho,”(mT + gmé)]}% u-,—(k‘Q)
hOpur

(A.117)

or labeling the scalar and pseudoscalar part

Sza = 6ir’mgFe (A.118)
im? 10
Py = -8 {Bss — Fo[Cs4 + Chopr (mr + —mp)}ys
Cronr 8

(A.119)

Mz, = a34éu(k1){534 + P34} (AlZO)



The amplitude My, is calculated as follows
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d* q1 _
My = / 2! u(kl) *9B7yp * Py (Q2) * 9B, * ur (ko) * P;il((h) * Onosy iy * Pr,(q3)

If we see table [3-3] we have that

gs
9Brop = 48(J tand,, [3 + 75]

gs
9Bs = _Twm”ew 3+ 7]

And table [£:3] give us the following expressions

And we obtain

Z(g +mB)
Psg2) = —F5———
B( ) q%fm%
By (q1) :
p\d1) = 55—
) =,
Pr,(a3) :
7(g3) = 5 5
’ g5 —m3,

d'q gs (ﬂ +mg) gs
M, = — 0, (k1) =L tanb,,[3 Shlal B )
41 /(QW) O (k) 3~ tanbul3 + 5] == mi 4
d4CI1 _ Zgho‘l'g/,tlg 4p 2 (gg +m
_ /(%)4%(1@1) T an®0u[3 + 5] 3=
Labeling as Ny1,a41 and Dy; as
Nu = vu(k1)[3+ 75][¢ +mp[[3 + vslur (k2)
_ /LghOTQ,U.lg (p
aap = 15 tan’0,,
Dy = g3 —mEllg? —m3 g3 —m?)

With the expressions above we express My, = au f

d*qy Nu
(2m)* D4

N0 [3 + vs]ur (k2) .

B
2,.
B

(A.121)

(A.122)

(A.123)
(A.124)

(A.125)

3+ 75]Ur(k2)q2 33 2

1M, 43 — M5,

(A.127)
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As it can be noticed Ny; is exactly as Nq; in [A.8] Therefore substituing Ni;
in M41

Ma = “4”7””“1){8/ O o (a4 k) — ) —qfnfhx(ql ks + ) —m2,)
Y o e mgxq%iﬁ;)((ql it k) — i)
+10ms [ )@ ﬁfh)((ql et R — )
+ 0 | G m2)(df d4%1)((q1 T R ) frote
(A.128)

We use the generalized cases in Ec. [£.26] and Ec. [£.38 of the integrals IC'1 and
I1C2 with j =4 and k= 1.

-2
T {Buy — FaoCir } + im2Fuo {8k + 10m + 6y5m 5}

My = -8
41 Crorer

(A.129)

We use the completeness relation that states that fyu, (ko) = m,u,(ks)

im? 10 .
M41 = —80 {841 - FCO[C41 + Chou‘r(mr + *mé)]} + 6”T2F0075
hoput 8
= Tyu(k1)oar{Sa1 + Pui}ur(k2) (A.130)
where we called as Si; = —SC:’;iT {5’41 — Foo[Cy1 + Chopr (my + %)mé)]} and

P, = 6in2F,y7y5 because one is scalar and the second one is pseudoscalar.



The amplitude My is calculated as follows
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dqr _
Myp = / W%(k‘l) * 95 * Pp(a2) * 95, * ur(k2) * Piy(q1) * gnoz, g, * Pry(g3)

(A.131)

However, from table we extract that the interaction gg, = 0. Therefore

My
42
Saz
Py

o O O O

(A.132)
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(k)

In order to calculate the amplitude M3, we use the following expression

d*qr
Myz = / W%(h) *9pr, * Ppla2) * 9z, . * ur(k2) % Pr(q1) * gnoz,7 * Pr,(qs)
(A.133)
We obtain the interactions and propagators from tables [3.3] and
s
9B = %tanew 3+ 7s]
c
9B7. = —%tan@w[l + 375
Z(g —l—m];,)
Pylgp) =—5———
b g5 —mj
?
Pr (1) =
) =t
Palas) = o
7,43 - qu, — m%
(A.134)
And we obtain that Mys is
d'q _ gsy ild, +mp) ge,
M43 = — / (271_)4UM Tt@new [3 + 75]W7tan9w [1 + 375]U7— (kz) X
« 1 v
SR LEY M e
g —m2 " T g5 —mi,
dqr  ignonng’sh d, +mp 1 1
= — v tan6,[3 22 21+ 3vslu-(k
/(27_(_)41}“ 6 an [ +’75]q%_m12§[ + 35 ]ur( Q)Q%_m?—l qg_m%

(A.135)
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Labeling as N43,a43 and Dy3 the following expressions

Naz = 0,3 +5]ld, + mpl[L + 3vs]ur (k2)
1gnos7, 9°8

P ghozli(jgwmn 0.

Dys = [q5 — m3]lqf — m3 )[a3 — m3,]

(A.136)

Naz = 0u(k1)[3 + ¥5]ld, + mp][l + 3vs]ur (ko)

w (k) {3(d, +mp) +3(d, + mp)3vs +v5(dy, +mp) + v5(d, +m5)37s bur(ka)
{

I
<

Il
=1

u (k1 { — 8754, + 10mpys + GmB}uT(kg)

Il
Sl

Il
1l

(k1)

(k1)

w (k) {3(d, +mp) + 975(—4, + mz) +v5(d, + mp) + 3(—4, + mz) fur (k2)
(k1)

(k1)

Leaving Dy3 in terms of ¢;

w(k1){ — 8ysky — 875, + 10m 55 + 6m 5 fu- (ko)

(A.137)

Dyg = [(k2 + q1)? = m%]lg; —m? (k2 + k1 + 1)* — m3,)]

Substituing Ec. A T37AT3S) in [A25]

d4Q1

(A.138)

Mys = algﬁﬂ(kl){ - 8'75%2/ 2m)* [(k2 + q1)% —

mllat —mg (k2 + k1 + @)% —mj,, ]

B

1,

d4Q1
*8”5/ @) (s + 1)

d4(]1

millat —mi, (k2 + k1 + 1) — mj,]

B
1

+10m1§’Y5/ @) (k2 + @1)2 —

mla? = m3, (ks + by + )2 = m, |

_ ia
+6m3/ @) (k2 + 01)” — m3]lg

Using the result of the generalized integrals in Ec. we obtain

Mys = 0412’[}”(]{;1){ — & F0075k2

+ 10im*m g Feoys + 6imB7r2Fco}uT(k2)

;2

a43vu(k1){6img7r2Fco +8 il
Chom

{Bas —

! b
Uy
m2 (ks + k1 + q1)2 — m2 | 2
(A.139)
— FoCus}s
10
Feo(Cas + Chom(mr - 8mf})}75}uf<k2)

(A.140)



108APPENDIX A. EXPLICIT CALCULATION OF THE AMPLITUDES OF H°— > T

where we used the completeness relation Fyur(ka) = mru,(ke) Or separating
in the scalar part and pseudoscalar part

Siz = 6impmF.
im? 10

Py = 80 {Ba3z — Feo(Caz + Cropr (my — gmé))}%
hOuT

(A.141)

Mys = 04435M(k1){543 + P43}u7—(/{32) (A.142)
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| k2 )
%,(q,)
0 .
). [acq,
T(q,) "
(k)

In order to calculate the amplitude My3, we use the following expression

d4l]1 _
Myy = / —aUuk1) * 9z, * Ppla2) * 97 % ur(k2) * Py (q1) * grozor, * Pra(a3)

(2m)*
(A.143)
Obtaining the vertexes and propagators from tables
s
9Brp = %tdnow 3+ 5]
c
Gprr = g tandu[3 + 7]
Z(Q —&-mg)
p~(q2) - _r2 b7
b g5 —mi
Pz, (q1) i
7 (q1) =
’ qi —m3,
Pry(as) =
7243 - q?g) — m72-2
(A.144)
Therefore
d*q gs i(d, +mp) ge
M. = — 7, (k1) Z=Ltanb,, =2 2 7 tanl, - (k
= = [ Gometnth) B tantuls 1 o) S S a5+ e )
o ) g )
5 Jhon7
T
d*q: 1Gno7, 7, G CS i(d, +mp) 1 1
= v,,(k 72727 87 tan20,[3 + V5] —2——[3 + 5 |ur (K
/ (277)4 ,u( 1) 16 [ 5) qg — mQB [ 5lur( 2)(]% — m% qg — m72~_2

(A.145)
Labeling N44, Q44 and D44

Naa = 0u(k1)[3 + 5]d, + mp][3 + vs]u-(k2)

_ _Wnnng’Sy, g
16
Dyy = g5 —m3]lg} —m3,][g3 —m3,] (A.146)

T2

Q44
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. . . di .
With the expressions above we can write Myy as Myy = auyq f ﬁg—ﬁ As it

can be noticed Ny is exactly as Nq; in[AZ8] Therefore substituing Nyy in Myy

My = auv, (k)38 [ d'q: L 2
wfs [ @) (a1 + ka)? = m2)(@ — ) (1 + k2 + k) — i)
d4(11
8k 5
v o f @ (@ + F2)? — ) — 1) ((ar + Fa + ) — %)
+ 10m~/ a1
B @m) (g + k2)? —m%) (g — m2) (g1 + k2 + k1)? —m2)
N d4‘11 u
+ 675m3/(27r)4((q1+k2)2—m%)(qf—m%)((ql—i—kg—i—kl)?—m%)} r(kz)
(A.147)

We use the generalized cases in Ec. and Ec. of the integrals IC'1 and
I1C2 with j =1 and k = 1.

.2
My = -8 T

{Bi1 — FooCr1 } + im* Foo{8ky + 10m 5 + 6y5m 5}
Chorer

(A.148)

We use the completeness relation that states that fou, (ko) = mru, (ko)

in? 10 .
My, = *80 {844 - FCO[C44 + OhOMT(mT + *mé)]} + 6Z7T2FCOP)/5
hOut 8
= Uyu(k1)ouaa{Sas + Pua}ur(kz) (A.149)
where we called as Syq = —8 in” {344 — FeolCua + Ch“/u(mf + %mg)]} and

C}LO
ur
P4 = 6im2F 75 because one is scalar and the second one is pseudoscalar.
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