
� �������	��

� �

� ��
�����

� ��� 
�� ����������� ��� � ���! �"  
�

#%$'&)(+*-,.*-$0/1*2$434563478*29;:<7=34*-967)>45?34@A7B3C5?$'DE:<5?F274GIHKJC/1569?5?,-&E$4347)9?&ELM*-F2J'&EF-567+$4*2LN34*.O'@P*2LP$4*29
34*-34JCF-5?34&ELQ*2$R9S&MLP*2F-F25?T+$U&E$0/1*-@A5?7+@2GV@P*2W+@P*2L1&E:<7+LQ&N9S&X*2F-J'&EF25?T+$ZY\[B]_^+`0a
b'&c@1&NF-&E9?F2J49S&c@�9S&M5?$0/1*2W+@1&E9
*-$<*-9dFe&ELA7.3C*N$47f9?7=Fe&c9?5?34&E3KYgJB/15?965?,-&E$4347h*29d:i7=34*-967j>45?3C@P7=345?$'Dc:i56F-7IakGE&ELAl'F-7+:<7m*-9d9?l6:i5n/1*o9?7=Fe&E9
34*	p2LA/P*

β → 0
Grq=JC*sF-7E5?$4F25?34*KF-7E$�9S&t@P*2LPb4JC*-LA/1&u/1@P&E$4Lv(+*-@AL1&E9N34*-9M:<7B3C*-9?7t>45634@P7=3456$'DE:<5?F-7

Y\w	7=34*-967)34*fxy@PJC34*Vak]
z 7E:i7UH+&):i*2$4F-567+$'&E:<7+Lo&E$0/1*-@A5?7+@A:i*2$0/1*EGB9S&EL{7+$43'&EL{9?7+$4WE56/1JC345?$'&c9?*-L|b4JC*-34*2$	LA*-@}*k~C5n/�&E34&EL

LPT+967�LP5M9S&�7+$C3'&t/P5?*2$4*!b�7E9S&E@A5?,e&cF-5?TE$
p
]r�rL<b�7E@)*-LP7�qIJ4*�b'&E@1&�F-&E:ib�7+L)F27+$�b�7+9?&E@P56,e&EF2T+$

s
G

9S&���J4*-@A,e&u3C* z &ELA5?:<5?@)*-$0/P@P*s:<*2/1&E9?*2L�F-7+$�3C5?LPb�*-@ALP56T+$�*2LPb'&cF-5S&c9%$C7�b4@A*-LP*2$0/�&E@PD�Fe&E:U�45?7u&E9n�
W+J4$47<F-7+$	@P*2LPb�*-F2/P7!&E9�F-&ELP7i9?7=Fe&E9�]'��&E@P&<�g&EF25?9656/�&c@{*-9�F-DE9?F2J49?7<F-7+$CLP5?3C*-@1&c@P*-:<7+LM�4$456Fe&E:<*-$0/P*.9?&
F-7+$0/1@A5?�4JCF-5?TE$�3C*f9?&Rb�7E9S&E@A5?,e&cF-5?TE$

p
&)9S&R��J4*-@A,e&)b�7+@MJ4$45?34&E3K34*f&E@P*-&CG43'&E34&�b�7+@

Fz

A
= − h̄c

2π2

∫
QdQ

∫ ∞

Q
dκ

κ2

√
κ2 − Q2

1

(ξp − 1)
.

Y��B]6�Va
� LP56:i56LP:<74G+b'&E@P&.LA5?:<b49?5n�'Fe&E@�*-LA/P*N/P@1&E�'&V�A7U$47+Lo@P*2LA/1@A5?$4WE5?@P*2:i7EL|&E9dFeDE96F-J4967.34*%9S&j��J4*2@P,e&.*-$

LP5?Lv/1*2:8&ELNJ4$456345?:<*-$4LA5?7+$4&E9?*2L-]d�r$�*-9;b4@P7E�49?*2:8&<J4$45?3C5?:<*-$4LA5?7+$'&c9�LP*RLAJ4*-96*-$�F-7E$4LP5634*-@P&E@y�4$C5?Fe&��
:i*2$I/P*|Fe&E:<b�7EL�*-9?*2F2/P@P7+:i&EW+$4p�/156F-7+L
qIJ4*�LP*|b4@A7+b'&EW+&E$m*-$f9S&}3456@P*-F2F-56T+$

z
G�9?7XF-J4&E90*-L�*-qIJ45n(c&E9?*2$I/P*

&i*-LAF-7+WE*-@yJC$s(c&E9?7+@}���A7834*29;(E*-F2/P7+@h34*f7+$434&
Q = 0

H�$478LAJ4:8&c@NLA7+�4@P*.:i7=347+LMF27+$�3456LA/156$0/�&
~Q
]���&i*2FE]�Y\[B]��+�+aX:RJ4*2LA/1@P&8qIJ4*U9?&<��J4*2@P,-&8*-$�JC$�Fe&ELA7ZJ4$456345?:<*-$CLP5?7E$'&E9
b�7B3C@PlS&�7+�C/P*-$4*2@PLA*R34*

^0�



���h r¡-¢y£Q¤�¥�¦I§u��¨h¤��j£Q¤�¥ª©y«�¤���¬h£Q«|­y®¯�°©y«±���j²B³v´�³µ­ ^+`

9S&R*-Fc];Y\�B]n��a{@A*-*-:<b49?&E,e&E$C347
∫

QdQ → 2π/A.
Y\�=]¶[+a

· 5?$�*-:U�'&E@PWE74G0F-J'&c$4347U9?&j9?J4,M5?$CF-5?3C*X$47+@P:i&E96:i*2$I/P*XLP7+�C@P*%J4$'&mLPJ4b�*-@v�'F-56*N:<*2/1DE9?56Fe&CGc*-9'Fe&c:ib�7
*-9?p2F2/P@P5?F27	*2L.b4&E@1&E96*-967	&K9S&K5?$0/P*-@A�g&cF-*EG�b�7+@f9?7KF-J4&E9|$47s56$434J4F2*8&EF2J4:RJ49?&EF-56T+$t34*<Fe&E@AW0&ELjH�$47
W+*-$4*2@1&�b49?&ELP:<7+$4*2L-¸¹9?&s345?Lv/156$4F-56T+$º*-$0/1@A*!b�7E9S&E@A5?,e&cF-5?TE$

p
H

s
LP*Kb456*-@P3C*!b'&E@1&

Q = 0
]r�rLA/P7

$47+L%9?9?*�(c&i&<F-7+$4LA5?34*2@1&E@%J4$	b4@P7+�C9?*-:i&�J4$45?3C5?:<*-$4LA5?7+$'&c9
W+*-$C*-@1&c9?5?,-&E347<*-$	*-9;F-J'&E9�b�*-@A:i5n/15?:<7+L
b4@P7+b4&EW0&EF25?T+$»F27+$�DE$4W+JC9?7+LU�4$456/P7+L)@P*2LPb�*-F2/P7�&c9{*µ�A*

z
G�5\]¼*E]nG ~Q 6= 0

GQb�*2@P7t$47t@P*-&E9?56,e&E:<7+L.9S&
LPJ4:i&)LP7+�4@A*m345?Lv/15?$0/1&EL ~Q ½ L2]d�|$0/P7+$4F-*2Ly9?&U��J4*-@A,e&�LP7+�4@A*mJ4$'&�34*m9S&ELXb49?&EFe&cLX*-LA/1D<34&E3'&)b�7E@

Fz = − h̄c

π

∫ ∞

Q
dκ

κ2

√
κ2 − Q2

1

(ξp − 1)

Y��B]�¾+a

��&E@P&�*�(=56/�&c@!*-9jb�7+9?7ºb4@A*-LA*-$0/1*�*-$¿*-9j96l?:<56/1*�5?$B��*-@P567+@
κ = Q

GX*-LKb4@P*���*-@A5?�496*�5?$0/1*2W+@1&E@8F-7+$
@P*-LAb�*2F2/P78&�9S&U��@A*-F-JC*-$4F25S&

ω
]'��&E@P&)*-LA/P7iJB/15?965?,-&E:i7EL{qIJ4*

Q2 + k2 = q2 < 0,
Y��B]¼ÀIa

Q2 − κ2 = q2 < 0,
Y��B]��+a

QdQ − κdκ = qdq,
Y��B]�^+a

H!b'&E@P& ~Q
�c�P&

qdq = −κdκ.
Y\�B]��+a

z 7+:i7
q
*-L.5?:i&EW+5?$4&E@P5674G�*2$0/17+$4F2*-L)b�7B3C*-:<7+Lm*�~Bb4@P*2L1&E@A9?7+L.F-7+:<7

q = iu
*-$�/Pp-@A:i56$47+Lm34*i9S&

(E&c@P5S&c�49?*N@P*e&c9
u =

√
κ2 − Q2

G'&ELAl�F-7+:<7)*�~Bb4@A*-L1&c:i7+L
k = iκ

]d#M/1569?5?,-&E$4347.*-Lv/�&�34*2�'$C5?F-56T+$K34*
q
9?96*-W0&E:<7+L{&�qIJ4*

udu = κdκ
Y\�B]_`0a

� LP56:i56LP:<74G�b�7=34*-:<7+Lr*k~CbC@P*-LP&E@�9S&y��@P*2F-J4*2$4F-5?&
ω = qc

F27+:i7
ω = iw

G0b�7+@r967jF-J'&E9
du = dw/c

]
xy*K*-LA/1&���7+@A:8&�967+W+@P&E:i7ELRqIJ4*�/P7B34&EL)9S&EL)(c&E@A5S&E�496*-LR3C*-9M5?$0/1*2W+@1&c$4347tLP*-&E$�@A*e&E96*-L-GQH�q=JC*	9?&



���h r¡-¢y£Q¤�¥�¦I§u��¨h¤��j£Q¤�¥ª©y«�¤���¬h£Q«|­y®¯�°©y«±���j²B³v´�³µ­ ^+Á

(E&c@P5?�C9?*�34*}5?$0/P*-W+@P&EF-56T+$ULA*e&jJ4$'&y(c&E@A5S&E�496*|@P*e&c9
w
]cÂy&cF-5?*2$4347j*29C@P*2LPb�*-F�/156(E7mFe&E:R�C5?7y3C*{(c&E@P5?&E�49?*

*-$�Y\�B]_¾0a

Fz = − h̄

π

∫ ∞

0
dw

√
Q2 + w2/c2

ξp − 1
,

Y��B]�Á+a
347+$434*

ξp = e2L
√

Q2+w2/c2/(rp
1r

p
2)
H

rp
1

H
rp
2

LA7+$�967+LNF27B*��'F-56*-$4*2Lh34*.@P*2Ã4*�~B5?T+$s34*R9S&cLNb49?&EFe&cL
1
H

2
@P*-LAb�*2F2/P56(c&E:<*-$0/1*mb'&E@P&)b�7+9?&E@P56,e&EF25?T+$

p
]

� F27+$0/15?$IJ'&cF-5?TE$ª&EbC9?5?F-&E@P*2:i7ELZ9S&»��T+@A:RJ49S&¿Y��B]�Á+aZ&E9jFe&ELA7�b'&c@A/156F-J49?&E@Z34*�:<*2/�&c9?*-L2GXF-7+$=�
LP5?3C*-@1&c$4347»b�7+@<LP*-b4&E@1&E3C7º*-9%Fe&ELA7»9?7=Fe&E9M34*2LPF2@P56/P7»b�7+@8*29N:<7B3C*-9?7�34*�xN@PJ434*	H�*29y$47�9?7=Fe&E9
34*-LAF-@P5n/17�b�7+@X*-9�:<7B3C*-9?7)>C5?34@A7B3456$'DE:<5?F274]

Ä<Å2Æ.Å ÇZÈ!É}Ê�ËXÌ Í!É Î�ÌfÏ�Ð-Ñ ÐkÊÒÉMÓ)Ô�Ê�ÉÕÑ É}Ô;ÌfÖ�ÉMÏ×Ö�Ø<Ù}ÌfÖ�ÉMÏ

�r$�*-Lv/1*mFe&ELA7�JC/1569?5?,-&E:<7+Lo*29
F-7=*2�4F-5?*2$0/1*m34*j@P*�Ã'*�~B56T+$K34*m9S&R*-Fc]�YgÀC]6�V`+ao9S&RF2J'&E9
*2LPF-@A5?�456:i7EL
F-7+:<7

rp
α =

εαk − kα

εαk + kα
.

Y\�=]6�VÚ+a
� q=JCl\G

α = 1, 2
34*-LA5?W+$4&.&mFe&E34&fJ4$4&f34*M9?&ELrb49S&cFe&EL2G034*-$47c/�&E:<7+L|F-7+$

k = iκ
&m9?&jF-7+:<b�7E$4*-$0/1*

34*-9
(E*-F2/P7+@M34*f7+$43'&)*-$�*-9
(c&EF2l?7)b�*-@Ab�*2$4345?F2J49S&c@M&�9?&)LPJ4b�*-@v�'F-56*f3C7+$434*

κ =
√

Q2 + w2/c2,
Y\�=]6�+�Va

kα = iκα

*-LM9?&RF-7+:<b�7E$4*-$0/1*mF27+@P@A*-LPb�7+$43C5?*-$0/P*.34*2$0/1@P7<34*29�:8&c/P*-@A5S&E9
α
G4F27+$

κα =
√

εαw2/c2 + Q2,
Y\�=]6��[Ea

εα
*2L�9S&}��J4$CF-5?TE$.3456*-96p-F2/P@P56Fe&X9?7=Fe&E903C*oF-&E3'&N:<*-3C5?74Ge9?&XF-J'&E9ILAJ4b�7E$4*-:<7+L;34*-LAF-@P5n/�&%b�7+@�*29=:<7=34*-967

34*fxy@PJ43C*8Yg¾C]��E¾0a�GBH!qIJ4*.*2LPF2@P5?�C5?:<7+L}F-7E:i7

εα(iw) = 1 +
ω2

pα

w2 + w/τα

,
Y\�=]6�V¾+a



���h r¡-¢y£Q¤�¥�¦I§u��¨h¤��j£Q¤�¥ª©y«�¤���¬h£Q«|­y®¯�°©y«±���j²B³v´�³µ­ �EÚ

347+$434*
ωpα

H
τα

LA7+$�9S&���@P*2F-J4*2$4F-5?&834*UbC9S&ELA:8&)Hs*29;/P5?*2:ib�7i:<*-3C5?7<34*UF27+9?56LP5?7E$4*-LM34*29�:<*-34567
α
]'Û%7E/�&E:<7+LXqIJ4*m*-$�*-Lv/1*fFe&ELA74G'*-$�qIJ4*

ω
H

k
LA7+$�Fe&E$0/1563'&E34*2LM5?:i&EW+5?$4&E@P5?&EL-G

εα

G
κα

H

rp
α =

εακ − κα

εακ + κα

Y\�=]6�eÀ0a
LP7+$KFe&c$I/P5?3'&c34*-LM@P*-&E9?*2L-G4b�7+@X967)F-J'&E9¯*-9�5?$0/P*-W+@P&E$4347)*2$	9?&R*-FE];Y��B]_Á0ao*-LMJ4$4&�F-&E$0/1563'&E3K@P*-&E9
qIJ4*
34*-F-&E*m*�~Bb�7E$4*-$4F25S&E96:i*2$0/1*mF-7+$B��7+@P:<*

w → ∞ ]

Ä<ÅPÜ<Å ÇZÈ!É}Ê�ËXÌ Í!É Î�ÌfÏ�Ð-Ñ ÐkÊ ÉMÓ)Ô�ÊQÉ Ñ É}Ô;ÌfÖ�ÉMÏ ÙoØUÓ Í!Ð2Ï�Ý�É}Ê�Ï�Ð2Þ.Ó

ÉMÏ�Ý�ÌfÙ{Ð2ÌfÖ

�Q&E@1&XF-&E9?F2J49S&E@¯9S&{��J4*2@P,e&M34* z &ELA5?:<5?@�/P7+:i&E$4347X*2$.F2J4*-$0/�&%&E96W+J4$47+L�*���*-F�/17+L�34*|9S&}3C5?LPb�*-@ALP56T+$
*-LPb4&EF-5?&E9¯/�&c9?*-L{F-7+:<7)9S&Rb4@A7+b'&EW+&EF-56T+$!34*j7+$434&ELX9?7+$CW+56/PJ4345?$4&E9?*2Lo*2:ib496*e&E@A*-:<7+L}967+L}@P*2LPJ49n/�&E3C7+L
7+�C/1*2$45?3C7+Lm&E@P@A5?�'&Zb4&E@1&!*-9r:<7=34*-967!>45?34@A7B3C5?$'DE:<5?F274]��r$u*2LA/1*�F-&ELP7�JC/1569?56,e&E:<7+Ly*29rF-7=*2�'F25?*2$I/P*
34*m@P*2Ã4*�~B5?T+$�YgÀC]¶[EÁ+a�GCqIJ4*f*-LAF-@A5?�456:i7+L{F-7+:<7

rp
α =

kεα − kα + Q2(εα − 1)/lα
kεα + kα − Q2(εα − 1)/lα

Y\�=]6���Ea
347+$434*�&E>47+@P&

εα

34*-$C7E/�&º&»9?&ub'&E@v/1*s/P@1&E$CLA(+*2@PLP&E9j34*-9N9S&�@A*-LAb4J4*-Lv/�&º3456*-9?p2F2/P@P5?F-&u34*29h:<*-34567
α
G¹9?&tF2J'&E9XF27+5?$4F25?34*!F27+$�9S&���J4$4F25?T+$�3456*-9?p2F2/P@P5?F-&�34*	xy@PJ43C*»Y��B]6�e¾0a�]r��&�b'&E@v/1*K9?7E$4W+56/PJ43456$'&E9
$47»&Eb4&E@P*2F-*s*k~Bb49?l6F-56/1&E:<*-$0/1*Kb4J4*2LZ*-9M(+*2F2/P7+@834*	7+$43'&

( ~Q, lα)
34*-9%Fe&c:ib�7u967+$4W+5n/1J43C5?$'&E9{*-$

Fe&E3'&u:i*2345?7uL1&c/P5?LA�g&cF-*s9?&�@P*29S&EF25?T+$�34*s3C5?LPb�*-@ALP56T+$°Y�¾B]_À0^+a�H�b�7+@<9?7u/�&E$0/17CGo9?&uF-7E:ib�7+$4*2$I/P*
9?7+$4WE56/1JC345?$'&c9r34*Z9S&���J4$4F-56T+$º3456*-9?p2F2/P@P5?F-&	*2L)F-*-@A74]¹��&ELU34*-:iDELRF-&E$0/15?34&E34*-LUq=JC*K&Eb'&E@A*-F-*2$�*-$
9S&i*2FE]¹YgÀ4]�[EÁ0aXF-7+56$4F-5634*-$sF-7+$�LAJ4LhF27+$0/1@1&cb'&E@A/P*-Lh*2$�9S&<LP*-F2F-56T+$t&E$0/1*2@P5?7E@-]dßàW+J'&E9?&E$43478&8F-*2@P7!9?&
��J4$4F-56T+$K345?*29?p2F2/1@A5?F-&R>45?34@A7B3C5?$'DE:<5?F-&ZYg¾C]¶�E[+a{7+�C/P*-$4*2:i7+L

1 − ω2
pα

ω2 + iω/τα − β2
α(Q2 + l2α)

= 0.
Y��B]6�e^0a

� q=JCl{5?$0/P@P7=34J��A5?:<7+Lm&E3C*-:iDELU34*89S&ELfFe&E$0/P5?3'&E3C*-L
ωpα

H
τα

345?LAF-JC/P5?3'&EL.*-$»9?&	LA*-F-F25?T+$º�B]6�EGQ*29
b'&E@1Dc:i*�/1@P7.34*h$47U9?7=Fe&E965?3'&E3

βα
34*yFe&E3'&R:<*-3C5?74]=áM*-F-7E@P3'&E$C347RqIJ4*j9S&f5?$0/1*2W+@1&c9¹Y��B]�Á+a�*-L{LP7+�4@A*



���h r¡-¢y£Q¤�¥�¦I§u��¨h¤��j£Q¤�¥ª©y«�¤���¬h£Q«|­y®¯�°©y«±���j²B³v´�³µ­ �B�

��@P*-F2J4*-$CF-5S&cL%56:8&cW+5?$'&c@P5S&cL
ω = iw

G'34*2LPb�*µ�P&E:<7+L

l2α = −
(

w2 + w/τα + ω2
pα

β2
α

+ Q2

) Y\�=]6���Ea

xy*{&cq=JCl0F-7+$4F29?J456:i7EL
qIJ4*o9?&EL
lα
/�&E:R�C5?p-$mLA7+$.F-&E$0/1563'&E34*2LQ56:8&EWE5?$'&E@A5S&EL�qIJ4*�b�7=34*-:<7+L�*k~CbC@P*-LP&E@

F-7+:<7
lα = iLα

GC347+$434*
L2

α =
w2 + w/τα + ω2

pα

β2
α

+ Q2,
Y\�=]6�V`+a

H!7+�C/P*-$4*2:i7+LX�'$4&E9?:<*-$0/1*jqIJ4*

rp
α =

κεα − κα − Q2(εα − 1)/Lα

κεα + κα + Q2(εα − 1)/Lα
.

Y\�=]6�VÁ+a

â|*-@P5n�'Fe&c:i7+LfqIJ4*
rp
α

*-LRJ4$4&sFe&E$0/P5?3'&E3u@P*-&E9�/1&E:R�456p-$u*-$º*-Lv/1*ZF-&ELP7C]��rLA/1&�LP*2@1Ds9?&s&E:<b49?5n/1J43
34*�@P*2Ã4*�~B5?T+$�qIJ4*<LPJ4Lv/156/PJ45?@A*-:<7+Lj*-$�9S&!*2F-J'&EF25?T+$�Y\�=]�Á0ayb4&E@1&KFe&E96F-J49?&E@h9?&!��JC*-@P,-&�3C* z &cLP5?:<5?@
F-7+$4LA5?34*2@1&E$C347�9S&ELX7+$C3'&ELM34*mb49S&cLP:i&C]


