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1. Introduction

By the end of the seventeenth century, J. J. Thomson’s idea of corpuscles (now called elec-

trons), deduced from cathode ray experiments [35], made a big leap in the study of the

structure of matter because he proposed atoms where divisible and its corpuscles were their

components. As a result, the plum pudding model was born [36]. In short, this model pro-

poses that the corpuscles with negative charge were distributed inside a big positive charge,

just like the raisins are distributed inside a raisin pudding. It was from this discovery that

Rutherford’s later experiments involving the scattering of alpha particles into a thin metal

foil gave rise to more promising descriptions of subatomic structures. Rutherford proposed

that the positive charges were not distributed inside a volume but were all concentrated in

a single spot. On the other hand, Bohr proposed a model which hinted, with its energy

levels at the quantum nature of atoms, and this was eventually refined by other scientists.

Electrons continuously leap from one orbital to another and these orbitals had fixed energy

levels interchanging light in a discrete spectrum. [11] Thanks to Bohr’s model, spectral lines

of hydrogen atoms could be predicted. Furthermore, the binding mechanism of protons and

neutrons in the atom’s core remained unknown.

However, there was still a question not been answered yet. Since protons have a posi-

tive charge, it was very contra-intuitive that elements such as boron or aluminium were

stable because there is a repelling electromagnetic force between protons inside the nucleus.

This would eventually lead scientists to postulate a new force, which in principle, must be

stronger than the electromagnetic interaction between the nucleons inside nuclei. Unsurpris-

ingly, came to be known as the strong nuclear force. With this new force, many new studies

began about the structure of atoms, their components and their interactions.

In order to bind the nucleons, the nuclear force must be approximately 10 million times

stronger than the chemical binding that holds atoms together in the forms of molecules [31].

The strong nuclear force has a distinctive characteristic: the range in which is visualized is

dramatically short; specifically, one femtometer (1×10−15m). Beyond that limit, it decreases
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rapidly.

It was until 1935 that Yukawa proposed that nucleons would exchange particles with each

other and this mechanism would create the force. [31] This theory was analogous to the

electromagnetic force in the sense that a massless particle (the photon) was the cause of the

force. Nevertheless, for the nuclear force, Yukawa assumed that the force-makers (which

were eventually called mesons) carry a mass of a fraction of the nucleon mass. [38] These

were called meson theories and later, they were used as models inside a more fundamental

theory. Yukawa won the Nobel Price in 1949.

In 1964, the theoretical physicists Gell-Mann and George Zweig [19] proposed something

that changed history forever: they proposed each nucleon and each meson is just a bound

state of hypothetical particles called quarks. According to this theory, these hypothetical

particles should exist due to the classification of experimental data and how they interact.

These quarks had something very distinct known in the literature as colour charge. In short,

the colour charge is an intrinsic property of quarks, antiquarks, and gluons that determine

the rules for how these particles interact.

The force between quarks is created when gluons are exchanged between them and is very

strong at low energies. [31] Gluons are the particles responsible for holding quarks together

in the form of protons and neutrons. Although gluons account for more than 95% of the

visible mass of our universe many aspects of these particles are still unknown and their

exploration is still a challenge for the contemporary physicist. For example: how do the

massless gluons give mass to hadrons (bound states of two or three quarks)? Indeed, if you

sum the mass separately from the quarks that conform any hadron, one would realize that

this number is not even close to the mass of a complete hadron. Therefore concluding that

most of this mass comes from the dynamics of the quarks and gluons.

Another question would be what is the distribution of gluons and quarks inside the proton

and the behaviour of systems with high gluon densities at large energies? Or what is the

mechanism of confinement due to the fact there are no free colour charges? How do gluons

and quarks combine to yield the proton spin?

These overwhelming questions are in the frontier of new physics and are of main concern in
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this investigation project.

Particle accelerators presented a radical new way of exploring the microscopic structure

of matter. From the first particle accelerator built in Berkeley (Lawrence’s Cyclotron) to

the most powerful accelerator that humanity has ever built (the Large Hadron Collider),

accelerators had permitted us to unravel the insides of hadrons, culminating everything by

developing the current best theory to describe the most basic building blocks of the universe:

The Standard Model, which explains how these fundamental blocks known as quarks and

leptons produce all known matter in the universe.

This model divides particles into two groups according to their spin, fermions (spin 1/2) and

bosons (spin 1), where the first group is also divided into quarks and leptons. The standard

model states that fermions interactions are due to fields, where the particles associated with

them belong to the second group known in the literature as bosons. It also explains how

bosons (force-carrying particles) influence quarks and leptons.

An important characteristic of quarks is that they can never be found alone, they are always

in groups of two known as mesons or groups of three called baryons. [16].

Now, according to [18], the Deep Inelastic Scattering (DIS) process had its golden age in

1968 thanks to the SLAC-MIT experiment. This experiment gave two interesting results:

The first one affirms that the inclusive inelastic cross-section is larger by more than one

order of magnitude than expected! Apart from that, it was weakly dependent on the DIS

kinematic variable Q2 which is the squared momentum transfer to the lepton. On the other

hand, according to [18] at an invariant hadronic mass (W) of the final state larger than 2

GeV , the structure-function F2 over a range of 0.7 < Q2 < 2.3 GeV becomes a function of

the ratio ω = ν/Q2. These results were very relevant and confirmed the theoretical proposals

of physicists like W.K.H. Panovsky, J.D. Bjorken, Dick Taylor and R.P. Feynman.

In short, DIS is a process that occurs in the insides of hadrons using leptons and photons

as tools, that aim to explore their insides. Since leptons and photons are fundamental par-

ticles, they don’t break down into smaller parts and hence they are very useful for this kind

of reaction.
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Furthermore, this study intends to describe what happens inside hadrons to analyze in more

detail a proposal for a new measurement at the Large Hadron Collider (LHC) to detect the

possible presence of high densities of gluons. Inside the Large Hadron Collider, apart from

the proton-proton collisions in which both protons break up completely, there is a type of

reaction that has the characteristic of leaving intact one or both protons when colliding.

These kinds of reactions are known as Ultra Peripheral Collisions. Even though such events

are rare, they are also extremely clean since there is no contamination of the final state due

to the proton break-up. Such events have therefore at least in principle the potential to

contribute to searches for new physics at the LHC and to cover regions of phase space that

are inaccessible to standard searches. The latter process has been already observed at the

LHC and can serve as a sort of standard candle to explore this kind of reaction.

The main objective of this research project is the study of the exclusive photo-production of

vector mesons at the Large Hadron Collider, and to identify observables that can distinguish

between gluon distributions subject to linear and non-linear QCD evolution.

2. Quantum Chromodymics

2.1 Basic Concepts

2.1.1 Hadrons

Ordinary matter is formed by bound states of particles known as quarks. The strong nuclear

force is responsible for holding them. This force has the property of not sticking all quarks

in a single mass, but binding together both quarks and antiquarks into groups of three (qqq

or qqq) or groups of two (qq).

Consequently, hadrons are divided into three categories:

1. Baryons (qqq)

2. Antibaryons (qqq)
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3. Mesons (qq)

Physicists have great uncertainty while measuring the mass of the quarks. [10] The values

proposed in the standard model are approximations of how much a quark could weigh because

it is theoretically impossible to isolate one quark. After all, they are bound by the strong

interaction. Therefore, it’s very difficult to determine how much of the mass of the proton

is due to the mass of the quarks versus how much is due to the energy generated by the

interaction between the quarks.

All quarks have a baryon number equal to 1/3, and antiquarks have a baryon number equal

to −1/3.

In addition, quarks have an internal property known as flavour number. Each quark has its

exclusive flavour number. These values are the following [10]:

• up, charm and top quarks have a flavour number equal to 1

• down, strange, and bottom have a flavour number equal to −1

This flavour number is very useful for keeping track of what’s happening when diverse quarks

interact with each other.

Nonetheless, quarks are the only kind of particle that can experience strong interaction.

The feature of the strong force, in contrast with electromagnetic and gravity forces, is that

it increments when the distance becomes larger. However, the strong interaction disappears

if quarks have separated a distance of 10−15 m. Quarks can have an opposite particle with

opposite baryon number. All three quarks have a baryon number equal to 1/3 [10]. In every

particle reaction, the total baryon number must be the same before reaction and after the

reaction. Something interesting is that the weak force differentiates between quarks and

leptons. In other words; it cannot turn a lepton into a quark, and vice-versa.

2.1.2 Baryons

Let’s consider the first three quarks: up, down and strange.

Honors Thesis, UDLAP 7
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Figure 1: The octet of light spin −1
2
baryons described in SU(3). n: neutron, p: proton, Λ:

Lambda baryon, Σ: Sigma baryon, Ξ: Xi baryon. (Venny, 2008)

Horizontal lines are known as baryon families. A family is a set of baryons with similar

mass and identical internal properties. The capital S in the first row represents the fact that

both particles have the same mass and the same strangeness. And so it continues with the

second row: they all have strangeness of -1, and in the third line they all have strangeness

of -3. [10]

This diagram is known as the baryon octet and it consists of the low-mass quarks combina-

tions. The peculiarity of the octet is that the properties of all the particles are essentially

equal, except that some have greater intrinsic energies than others; the greater a baryon’s

intrinsic energy, the more likely it is to decay.

On the other hand, the uuu, ddd and sss baryons can only exist in higher mass level states.
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Figure 2: A combination of three up, down or strange quarks with a total spin of 3
2
form the

so-called baryon decuplet. (Venny, 2008)

The above diagram is known as the baryon decuplet. It consists of organizing the baryons

from a lower mass (∆+ is a uud, ∆0 is a udd or neutron) to a higher mass baryons.

It is worth mentioning that these baryons are formed only by the first three quarks, now if

we add the charm quark, the combinations become even more complex. [10]

Finally we can say that the baryons that contain heavy quarks (for example top and bottom

quarks) require a tremendous amount of energy to be produced, more than we are capable

of providing in laboratories [10].

2.1.3 Mesons

For this study, is of special interest to understand what a meson is to understand what a

vector meson is. Consequently, this study intends to study the most important definitions

of these.
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Figure 3: Mesons of spin 0 form a nonet. K: kaon, Π: pion, η: eta meson. (Public Domain)

As we described before, a meson is a particle formed by a quark and an antiquark. (qq).

It is not a required condition of the meson that the component quark and antiquark be

of the same flavour. Any combination is possible, despite the fact some are less plausible.

The combinations of light quarks are the most common in nature. As we can see in Figure

3, the strangeness is decreased when we go to the bottom, but the mass doesn’t increase.

This diagram is known as the meson nonet and the main differences among this family of

mesons lie in the way they decay. In a few words, some mesons even have the same mass and

electrical charge, yet the way they react when they interact with objects is different. [10]

2.1.4 J/Ψ Meson

Is a subatomic particle formed a quark pair (charm-anticharm, c c) which is flavour-neutral,

interacts with the four fundamental forces, has spin equal to 1, has a rest mass of 3.096 GeV
c2

and has a mean life-time equal to 7.2×10−21. [32] Normally, these are mesons created due to

a bound state known as charmonium, when a quark anti-quark pair is put into a potential.

[21] Ψ(2s) is the name the J/Ψ Meson receives when it’s in its first excited state. [32]

Another relevant fact is that it can decay into a variety of modes; the most relevant ways

are:
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Figure 4: J/Ψ(1s) Decay Modes: This figure represents the most plausible decays of the
J/Ψ(1s) particle (Nakamura et al., 2010)

2.1.5 Scalar and Vector Mesons

There are nine possible combinations of mesons when considering the light quarks, (u, d, s)

that can be grouped into an octet and a singlet. [33]. Most of the various hadronic states

can be described as states formed by a q and q pair. The scalar meson can be defined as a

Lorentz group, scalar or pseudo-scalar, which is classified inside the group of particles with

irreducible unitary representations of the symmetry group acting on matter fields over space-

time. [37] (Wigner Classification) They have even parity and spin 0. Finally, they are the

opposite of the vector (or pseudo) mesons and are called vector (or pseudo) representations.

As well as the scalar mesons, a vector meson is a meson that is classified inside the group of

particles with irreducible unitary representations of the symmetry group acting on matter

fields over space-time and is in pseudo-vector or vector representation of the Lorentz Group.

What differentiates a vector meson from a scalar meson is that vector mesons have spin 1

and odd parity, while scalar mesons have even parity and spin 0 [37] [33].

Honors Thesis, UDLAP 11
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2.2 Microscopic description in terms of quarks and gluons

2.2.1 Lagrangian of QCD

Quantum Chromodynamics is the quantum field theory that describes the strong interactions

[20], also is defined as the SU(3) gauge theory of the current standard model for elementary

particles and forces which encompasses the strong, electromagnetic, and weak interactions.

The Feynmann Rules, elegantly, can be derived from the QCD Lagrangian. To obtain the

perturbative of any kind of process, we need the Feynmann rules to describe the possible

interactions that could happen between gluons and quarks. The Lagrangian density deploys

this Feynmann rules, used to describe a perturbative analysis of the QCD theory. The

Lagrangian is given by:

Lclassical + Lgauge−fixing + Lghost (1)

The Lagrangian has to be constructed requiring local gauge invariance under a gauge group

SU(3)colour. It is worth mentioning that we implement the Einstein sum convention, where

the repeated indices are summed over. Making this clear, the expression for the Classical

Lagrange Density is according to [17] has the following form:

Lclassical = −1

4
FA
αβF

A
αβ +

∑
flavours

qa(i��D −m)abqb (2)

These terms are the description of the interaction of a quark with spin 1/2, with mass m and

mass-less gluons with spin −1. ��D is just the simplified notation for γµD
µ, and the explicit

sum runs over the nf different flavours. We have followed the notation of Bjorken and Drell,

with the metric equal to gαβ = diag(−1,−1,−1,−1) and setting h = c = 1. The gamma

matrices are given by:

γ0 =


1 0 0 0

0 1 0 0

0 0 −1 0

0 0 0 −1

 (3)

Honors Thesis, UDLAP 12



Photo-Production of Vector Mesons based on the QCD Saturation Model

γ1 =


0 0 0 1

0 0 1 0

0 −1 0 0

−1 0 0 0

 (4)

γ2 =


0 0 0 −i
0 0 i 0

0 i 0 0

−i 0 0 0

 (5)

γ3 =


0 0 1 0

0 0 0 −1

−1 0 0 0

0 1 0 0

 (6)

These matrices satisfy the anticonmmutation relations and take into account the spin of

fermions:

γµ, γn = 2gµn

Now, FA
αβ is the field strenght dericed from the gluon field AA

α :

FA
αβ = [∂αA

A
β − ∂βA

A
α − gfABCAB

αA
C
β ] (7)

where the indices A, B, and C run over eight different colour degrees of freedom in the

gluon field. [17] The third term (gfABCAB
αA

C
β ) describes the triplet and quartic gluon self-

interactions and to the property of asymptotic freedom, similarly, g represents the coupling

constant which determines the magnitude of the interaction between coloured quanta and

fABC(A,B,C = 1, ..., 8) are the structure constants of the SU(3) colour group. [17] QCD

is a non-Abelian gauge theory which means that the gluon field can interact with itself. At

the level of the Lagrangian, this reflects itself in terms of cubic and quadratic terms in the
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gluonic field.

Now, the quark fields qa are the triplet picture of the colour group (a=1,2,3) and D is

the covariant derivative goes from [17]:

D(α)ab = ∂αδab + ig(tCAC
α )ab (8)

to

D(α)AB = ∂αδAB + ig(TCAC
α )ab (9)

where t and T are matrices in the fundamental and adjoint representation of the SU(3) group

which satisfy the following commutation relation:

[tA, tb] = ifABCtc, (10)

and

[TA, TC ] = ifABCTC (11)

The generators in the adjoint representation are related to the structure constants through:

(TA)BC = −ifABC (12)

A representation for the generators tA in the fundamental representation is provided by

the eight Gell-Mann matrices, that has the characteristic of being hermitian and traceless.

The generators are often written on a standard basis, where λa represents the Gell-Mann-

Matrices: [17]

T a =
1

2
λa (13)

the coefficient a of λa runs from 1 to 8 and has the following form:

λ1 =


0 1 0

1 0 0

0 0 0

 , λ2 =


0 −i 0

i 0 0

0 0 0

 , λ3 =


1 0 0

0 −1 0

0 0 0

 , λ4 =


0 0 1

0 0 0

1 0 0

 (14)

Honors Thesis, UDLAP 14



Photo-Production of Vector Mesons based on the QCD Saturation Model

λ5 =


0 0 −i
0 0 0

i 0 0

 , λ6 =


0 0 0

0 0 1

0 1 0

 , λ7 =


0 0 0

0 0 −i
0 i 0

 , λ8 =
1√
3


1 0 0

0 1 0

0 0 −2


(15)

By convention, the normalization of the SU(N) matrices is given by: [17]

TrtAtB = TRδ
AB, TR =

1

2

3. Exploring QCD

3.1 Deep Inelastic Scattering

In short, Deep Inelastic Scattering (DIS) is a process that occurs in the insides of hadrons

using leptons and photons as tools, that aim to explore their insides as if one was using a

microscope. [26]

Deep Inelastic Scattering - �tot for �⇤+nucleon/-us! X

e� + p[A] ! e� + X = �⇤ + p ! X (up to QED corrections)

k

p X

k'

q

y =
q · p

k · p
“inelasticity”

Q2 = �q2 = �(k � k0)2 “resolution”

xBj =
Q2

2p · q
Parton model: fraction of nucleon

momentum carried by struck quark

unpolarized + neutral charge current

hadronic tensor ⌘ proton structure functions F2 & FL

d2��⇤p!X

dxBj.dQ2
=

2⇡↵2

xBj.Q4

�⇥
1 + (1 � y)2

⇤
F2(xBj., Q

2) � y2FL(xBj., Q
2)
 

Martin Hentschinski RIKEN/BNL Lunch Time Talk

Figure 5: Deep Inelastic Scattering visualization
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The kinematic variables for Deep Inelastic Scattering are given by the following:

• p : The four-momentum of a nucleon.

• k, k′: The four momenta of the incoming and outgoing lepton

•
√
s: Squared collision energy because of the reaction of the electron and the hadron

s = (p+ k)2

• Q2: Squared momentum transfer to the lepton, equal to the virtuality of the exchanged

photon.

Q2 = −q2 = −(k − k′)2

• Q: Resolution of the insides of the hadrons 1/λ

• xB: Bjorken variable which determines the momentum fraction of the parton on which

the proton scatters.

x =
Q2

(W 2 +Q2)
=

Q2

2pq

• W 2: The squared invariant mass of the produced hadronic system X.

W 2 = (p+ q)2

For physical explanation, consider a high-energy scattering in which there is a charged lepton

off the hadron target, where the incoming and outgoing lepton four-momenta are kµ and k
′µ,

a momentum of the hadron target is denoted as pµ and the transfer of the momentum is

given by the expression qµ = kµ − k
′µ. The standard DIS is going to be defined as follows:

[17]

Q2 = −q2

M2 = p2

ν = pq =M(E ′ − E)

x =
Q2

2v
=

Q2

2M(E − E ′)

y =
qp

kp
= 1− E ′

E
,
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Here the energies are referencing the rest frame of the target, and the variable M is the

proton mass.

Continuing with this topic, let us introduce the parametrization of the target which is

called Structure Function, Fi(x,Q1) which is visualized by a virtual photon that is defined

in the terms of lepton-scattering cross sections.

Mathematically, this type of scattering will be lp→ lX is given as the following:

d2σem

dxdy
=
8πα2ME

Q4

[(
1 + (1− y)2

2

)
2xF em

1

+(1− y)(F em
2 − 2xF em

1 )− (M/2E)xyF em
2 ] .

Also, there is another particular example of the antineutrino scattering being νp→ lX:

d2σ2ν(ν̄)

dxdy
=
G2

FME

π

[
(1− y − M

2E
xy)F

ν(ν̄)
2 + y2xF

ν(ν̄)
1 + y2xF

ν(ν̄)
1 + (−)y(1− 1/2y)xF

ν(ν̄)
3

]
.

In this part of the project is necessary to study a concept known as Bjorken limit. When

its range is defined as Q2, ν → ∞ where x is fixed and applying this limit one can observe

that it must obey the scaling law:

Fi(x,Q
2) → Fi(x). (16)

The Bjorken scaling declares that the virtual photon will scatter as pointlike parts and

because the limit is to infinity the usage of the parton model can be transformed into an

infinite momentum frame where one will see the proton moving extremely fast pµ(P, 0, 0, P )

with P >> M . Then, employing this model the proton will scatter as a quark that is moving

in parallel with the proton and carrying just a fraction of the momentum ξ and the equation

is the following one:

d2σ

dxdQ2
=

4πα2

Q4

[
[1 + (1− y)2]F1 +

(1− y)

x
(F2 − 2xF1)

]
. (17)

Because these are scatterings they have amplitudes which are related by crossing symmetry

that requires the amplitude of a particle momentum k in the initial state to be equal to the
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antiparticle with momentum −k. This process is the next one:

e−(k) + q(pq) → e−(k′) + q(p′q) (18)

e+(−k) + e−(k) → q̄−(−pq) + q(p′q) (19)

. Applying the Mandelstam variables ŝ = (k + pq)
2, t̂ = (k − k′)2 and û = (pq − k′)2, so the

matrix for the amplitude will be this:

Σ̄ = |M|2 = 2e2qe
4 ŝ

2 + û2

t̂2
. (20)

The sum is referring to the average colours and spins. Next, the Mandelstam variables suffer

a change in their notation for DIS: t̂ = −Q2, û = ŝ(y − 1) and ŝ = ξQ2/xy. The result of

this for a cross-section of massless 2 → 2 scattering will be:

dσ̂

dt̂
=

1

16πŝ2
Σ̄ = |M|2, (21)

and doing a substitution in the matrix the expression is simplified as follows:

dq̂

dQ2
=

2πα2e2q
Q4

[1 + (1− y)2]. (22)

Another important equation is the mass-shell constraint for the outgoing quark:

p′q
2 = (pq + q)2 = q2 + 2pqq = −2pq(x− ξ) = 0. (23)

With the previous equations and writing
∫ 1

0
dxδ(x − ξ) = 1, the result is the double

differential cross section for the quark scattering process defined as:

d2σ̂

dxdQ2
=

4πα2

Q4
[1 + (1− y)2]

1

2
e2qδ(x− ξ). (24)

Having all these equations and concepts we can observe that the structure functions are:

F̂2 = xe2qδ(x− ξ) = 2xF̂1. (25)

So, this equation proves that a quark is a constituent with a momentum fraction ξ = x. This

gives origin to a set of observations of the naive parton model:
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• q(ξ)dξ represents the probability of a quark having momentum in the range of ξ and

ξ + dξ, where 0 ≤ ξ ≤ 1.

• Virtual photon scatters incoherently off the quark constituents [26].

The probability distribution with the weight of the quark structure functions results in

the proton structure functions:

F2(x) = 2xF1 =
∑
q,q̄

∫ 1

0

dξq(ξ)xe2qδ(x− ξ) =
∑
q,q̄

e2qxq(x). (26)

A particular case is the scattering of a charged lepton off a proton target originated by a

virtual photon exchange that has four quark flavours:

F em
2 (x) = x[4/9(u(x) + ū(x) + c(x) + c̄(x)) + 1/9(d(x) + d̄(x) + s(x) + s̄(x))]. (27)

In the specific case of the neutrino scattering with νp → lX, the virtual W+ gives the

measures of the quark distribution weighted by a weak charge:

F ν
2 (x) = 2x[d(x) + s(x) + ū(x) + c̄(x)]. (28)

3.2 HERA as a tool to explore DIS

HERA was the largest particle accelerator at DESY and Germany’s largest research instru-

ment. [24] For 15 years, the storage ring was useful for the international particle physics

community because it’s the world’s most precise electron microscope for studies of the pro-

ton’s inner structure. Despite the fact the HERA experiments H1, ZEUS and HERMES

were shut down in 2007, the ongoing data analysis continues to point the way for future

particle physics experiments. The only facility in the world where two different types of

particles were first accelerated separately and then brought to the collision was at DESY, in

The HERA storage ring. Deep below Hamburg, lightweight electrons or positrons collided

with hydrogen nuclei like protons, which are 2000 times heavier, in a 6.3-kilometre-long tun-

nel. [24] The point-like electrons in these collisions act like slight examination, revealing the

inner structure of the proton by scanning its inside. Physicists gaze deeper into a proton
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and obtain more of its inner structure insights and fundamental forces of nature when the

energy of the particle collision is higher. Large international teams of researchers operated

four immense detectors at the HERA storage ring. In 1992 the H1 and ZEUS experiments

went into operation. To unravel the inner structure of the proton and the mysteries of

the essential forces, they inspected the high-energy collisions of electrons and protons. In

1995 the HERMES experiment began to take data by using the HERA electron beam to

inspect the peculiar angular momentum of protons and neutrons, the spin. The HERA-B

experiment used the HERA proton beam from 1999 to 2003, to shed light on the properties

of heavy quarks. Until 2007, the H1, ZEUS, and HERMES were in operation recording a

massive amount of data. During this period, a countless amount of insights that HERA

provided into microcosm became a part of physics textbooks. [24] They turned into a basic

part of the knowledge we have of the working of our world. However, the outing of discovery

is far from over. Astonishing insights into the inner structure of the proton and essential

forces of nature for years to come will be implemented by the evaluation of the recorded

measurement data. H1 and ZEUS discovered that the proton contains a seething particle

soup in which quarks, antiquarks and the gluons that constantly act between them appear

and disappear invariably. Also, H1 and ZEUS were able to provide direct evidence with

the electromagnetic and weak forces, two essential forces, that have the same origin: the

electroweak force, into which the two forces unite at extremely high energies. The HERA

experiments in this manner directly examined the effects of the first step toward the grand

unification of the four essential forces of nature. H1 and ZEUS have also precisely measured

the strong force that acts between quarks. For the first time, over a wide range of energies,

consistently demonstrated that the strength of this force changes in the opposite manner

from the other forces of nature: Quarks move more freely the closer they are to one another.

The farther they are apart, the stronger the pull of the strong force that draws them back

together. [24] To have a more deeply understanding of the spin of the protons and neutrons,

researchers must analyze the contribution each member of the seething particle soup inside

them makes. This was the strength of HERMES. The experimentâs special concept enabled

physicists to measure the contribution made by each different type of quark to the total spin,

separately. In addition, HERMES was among the first experiments in the world to convey
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direct evidence of gluon spin. [24]

3.3 QCD at small x

3.3.1 Non-linear Evolution

The simplest model of a proton can be explained through the interaction of 3 quarks (two

up quarks and one down quark) employing gluons exchange, this has been corroborated by

experiments done by HERA (Hadron-Electron Ring Accelerator), RHIC (The Relativistic

Heavy Ion Collider) and LHC (The Large Hadron Collider) colliders. [5]

In high-energy scattering experiments, we encounter fluctuations in the form of quarks,

anti-quarks, and diverse gluons, popping in and out of existence. When we accelerate a

proton near the speed of light, due to the Lorentz time dilation, the gluons that engender

from quantum fluctuation have a longer lifetime. By speeding the proton up, the gluon

fluctuations slow down sufficiently to take ”snapshots” of them with a probe particle, which

was sent to interact with the proton.

Probing the proton wave function is done by the interaction using a lepton, they exchange

a (virtually) photon. The photon’s virtuality (Q2), determines the size of the transverse plane

region to the ray axis probed by the photon, with a width of ∆rT ∼ 1/Q. The Bjorken x is

the fraction of the proton momentum carried by the struck quark. At high energies, x2/W 2

where W is the centre of mass energy of the photon-proton system, at last, small values of

x indicate high-energy scattering. [5]

The PDFs of the ”sea” gluons G and ”sea” quarks xS increase when taking into account a low

x (which are scaled down to fit the figure). Here the gluon distribution is more dominated

as we reach x < 0.1, determining, at high energies (low x ) the part of the wave-function

accountable for the high energies interactions are overall of gluons. [5]

The small-x wave function is dominated by gluons. This dense regime most commonly uses

QCD evolution equations. These evolution equations allow us to determine the distributions
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at values (x,Q2) if they are firstly known at other values ((x0, Q
2
0). When first indicating the

value of Q2
0 the equation Dokshitzer-GribovLipatov-Altarelli-Parisi (DGLAP) permits us to

establish the parton distribution at Q2 > Q2
0 at all x where the DGLAP is actionable. For

low-x for values x0 > x and all Q2 to assemble the parton distributions the Balitsky-Fadin-

Kuraev-Lipatov (BFKL) evolution equation is used. The emerging question is if the quark

or the gluon densities can increase without limit at small-x. In QCD there is not a tight limit

on the density of gluons, but there is a limit in the scattering cross-sections. A proton with

multiple ”sea” gluons has more affinity to interact in high energy scattering which creates a

larger cross-section. The bound on cross-sections ωtot ≤ 2πR2 (which comes from the black

disk limit in quantum mechanics) have repercussions in the density of gluons. [5]
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Figure 6: The map of high energy QCD in the (Q2, Y = ln 1/x) plane. [5]

Honors Thesis, UDLAP 22



Photo-Production of Vector Mesons based on the QCD Saturation Model

4. Photo-production of Vector mesons J/Ψ and Ψ(2s) in

ultaperipheral collisions at the LHC

4.1 The LHC as a tool to explore low x QCD

Alike the HERA experiment, the Large Hadron Collider (LHC) is a two-ring superconducting

hadron accelerator and collider installed in the existing 26.7 km tunnel geometry, that was

originally designed for the electron-positron machine (LEP), and was constructed between

1984 and 1989 [1]. Since the LHC’s main aim is to reveal the physics beyond and inside

the Standard Model with a centre of mass collision energies up to
√
s = 14 TeV, it’s perfect

for exploring low x QCD due to its high centre of mass energy. It collides 2 beams of

either protons or ions at colossal speeds (closer to the speed of light) allowing scientists to

reproduce the conditions that existed within a billionth of a second after the Big Bang. [1] It,

therefore, allows to investigate questions related to the behaviour of perturbative Quantum

Chromodynamics at the highest centre of mass energies; in particular, questions related to

the possible transitions in a regime, where QCD evolution turns non-linear, characterized

by the presence of high gluon densities. Finally, it is worth mentioning that the quarks are

the most fundamental blocks that build all the matter in our universe (hadronic matter).

Thereupon, thanks to LHC we gain a better understanding of how are the interactions,

decay, and intrinsic properties of the standard model. [1] It had found new bound states

of exotic particles, CP-violating decays, and neutral current conservation, in other words:

Everything it has ever seen in the collider is in 100% agreement with the Standard Model.

Therefore, all of this data extracted from both the LHC and HERA is fundamental for this

study due to the fact theoretical predictions for the saturation and distributions of gluons

inside the nuclei will be made. All these theoretical predictions will be compared and fitted

to this experimental data so we can verify the energy dependency of the photo-production

cross-section and intend to describe the gluon distributions inside the nuclei.

The detectors from the LHC that will be used are The Large Hadron Collider beauty (LHCb)
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experiment, which is specialized in investigating the subtle differences between matter and

antimatter employing one type of particle called the beauty or bottom quark. [1]. On the

other hand, data taken from ALICE (A Large Ion Collider Experiment) will also be used.

The main purpose of this detector is to study the heavy-ion physics at the Large Hadron

Collider (LHC). [1] It also studies the matter interacting within the strong nuclear force at

extreme energy densities, where a phase of matter called quark-gluon plasma forms, likewise

H1 and ALICE experiments.

4.2 Ultra-Peripheral Collisions

Figure 7: An event where a candidate J/Ψ is produced in an ultra-peripheral Pb-Pb collision
and decays to two muons that are represented as red lines within the blue cylinder. (Cauley

and Thomas CMS Collaboration, 2018)

An important physical phenomenon that occurs when two nuclei collide can be the following:

• A photon originated from one ion striking another one or
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• A certain number of photons coming from each nucleus colliding with each other is

called a photon-photon collision.

There is still one more event: Ultra-peripheral hadron-hadron collisions (UPS’s). This

kind of collision occurs in the LHC and its process consists of proton-proton taking place in

the centre of the mass energies that have a magnitude of higher order with some photon-heavy

ion collisions reaching almost 30 times the energies available in certain target accelerators.

These processes are of the electromagnetic kind and their fields of heavy ions tend to be

strong and have multi-photon reactions. Another Ultra-relativistic heavy ion interactions

are used to study nuclear photon excitation and photoproduction of hadrons and generate

strong electromagnetic fields from a heavy ion and permit some multi-photon excitation of

nuclear targets [27]. The result of these collisions is the high-level energy states in the nuclei

an event called double-giant resonance, as seen in figure 7.

Entering in some mathematical formalism and a physical concept one must introduce the

cross section for photoproduction of a state x given as follows:

σX =

∫
dω
n(ω)

ω
σγ
X(ω), (29)

where σγ
X(ω) is the photonuclear cross section [27]. A special case is the one in the highest

energy colliders the reactions γγ → X that help to probe the contents of the quark and its

spin structure of the meson resonances. Another physical event is the production of mesons

that support the internal structure of hadrons in the LHC and they detect electroweak

processes γγ → W+W−.

Mathematically, the cross-section for two-photon processes is given by the next expres-

sion:

σX =

∫
dω1dω2

n(ω1)

ω1

n(ω2)

ω2

σγγ
X (ω1, ω2), (30)

where σγγ
X (ω1, ω2) refers to the homonym concept.

The peripheral collisions have a relation with Fermi’s method because it permits the work
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with strong interactions and the nuclei. Also, the advance in the relativistic of heavy-ion

accelerated it is thanks to this method.

4.2.1 Photon Flux

The present concept refers to the flux of a group of photons originated from a charged

particle given by applying the Fourier transform to an electromagnetic field of a certain

moving charge.

In figure 8, observe that fields stated in the relativistic particle of Lorentz are contracting

the pancake and the resultant statement is that the spectrum of the photon energy is de-

pendable on the time target particle maintains inside the pancake and the minimum photon

wavelength is equivalent to the width of pancake at the target [27].

Figure 8: Model of the high electrical charges that are contracted by electric fields.

One can also have the maximum photon energy calculated as follows:

ωmax =
ℏ
∆t

∼ γℏv
b
. (31)

The γ factor is Lorentz relation where γ = (1 − v2/c2)−1/2. To understand this better,

create a target frame applying the previous equation with the restriction in γ which has to
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be taken just as the boost moves from one frame to another (γ = 2γ2collider − 1) [27]. Now,

for the experimental aspect of the ultra-peripheral collisions (UPC) have a list of interesting

features such as final state multiplicity being smaller with events that are fully reconstructed.

The reason for the last characteristic is that the interactions between photons are small in

a two-photon interaction, so the final state is smaller as well. The adaptation of UPC is

applied in the accelerators of different classes. The most important accelerator is the LHC

which is testing a UPC program that includes a great list of experiments specifically about

pp collisions and the usage of ion beams that gives lower photon energies.

4.3 Wave-functions

4.3.1 Light-Cone quarkonia wave function

According to [12] the light-cone quarkonium wave function for the J/Ψ vector meson is

denoted as ΨV (r, z) and it’s defined in the infinite momentum frame such as the light-cone

photon-quark wave function ΨT,L
γ∗ (r, z;Q2).

In the qq̄ rest frame, the quarkonia wave function is usually found by solving the following

Schrödinger equation for a given choice of the heavy quark interaction potential: [12](
−∆

2µ

)
Ψnlm(r̃)Ψnlm

⃗̃r = EnlΨnlm⃗̃r (32)

with

µ =
mQ

2

where µ is the reduced mass of the qq̄ pair and the operator ∆ acts on the coordinate r̃ as

follows:

∆ =
3∑

i=1

∂2

∂x2i
=

1

r̃2
∂

∂r̃

(
r̃2
∂

∂r̃

)
+

1

r̃2 sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1

r̃2 sin2 θ

∂2

∂ϕ2
(33)

Now, factorizing the spatial wave function into the radial and angular parts:

Ψnlm
⃗̃rYlm(θ, ψ) (34)
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using equations (32) and (34) the Schrödinger equation as the following two equations:

1

r̃

∂2

∂r̃2
(r̃Ψ(r̃) +mQ(E − V (r̃))Ψ(r̃) =

l(l + 1)

r̃2
Ψ(r̃) (35)

and
1

sin θ

∂

∂θ

(
sin θ

∂Y (θ, ϕ)

∂θ

)
+

1

sin2 θ

∂2Y (θ, ϕ)

∂ϕ2
= −l(l + 1)Y (θ, ϕ) (36)

Now, it is needed to define the quarkonia wave functions for the radially excited vector meson

Ψ(2s). As in the J/Ψ quarkonia wave function, these functions are defined in the qq̄ rest

frame. It is obtained by solving the following Schrödinger equation for a given potential:

[29] (
∆r

mQ

+ VQQ̄(r)

)
Ψnlm(r⃗) = EnlΨnlm(r⃗) (37)

where the wave function Ψnlm(r⃗) depends on the three dimensional qq̄ separation r⃗ and

factorized has the following form:

Ψnlm(r⃗) = Ψnl(r) · Ylm(θ, ϕ) (38)

where Ψnl(r) denotes the radial part of the wave function and Ylm(θ, ϕ) denotes the orbital

part of the same wave function. [29]

We stated that for solving equations (32) and (37) is needed a choice for a heavy quark

interaction. For this study, two potentials were implemented: the Harmonic Oscillator

Potential and the Buchmüller-Tye Potential. The Harmonic Oscillator Potential is

given by the following equations:

V (r̃) =
1

2
mQω

2r̃2 (39)

ω =
1

2
(M2s −M1s)

It is worth mentioning that this is the most simple choice, leading to a Gaussian shape wave

function as given in Figures 9 and 10. The analytic solution for the Schrödinger equation is:

u(r̃) = exp−1

4
mQωr̃

2 (40)
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On the other hand, another potential is chosen and known in the literature as Buchmüller-

Tye Potential. It has a Coulomb-like behaviour and it is effective at a small size of r̃.

V (r̃) =
k

r̃
− 8π

27

υ(λr̃)

r̃
(41)

for r̃ ≥ 0.01 fm. And

V (r̃) = −16π

25

1

r̃ ln(ω(r̃))
×

(
1 + 2

(
γE +

53

75

)
1

ln(ω(r̃))
− 462

625

ln(ln(ω(r̃)))

ln(ω(r̃))

)
(42)

for r̃ < 0.01 fm. In this selection it is given:

ω(r̃) =
1

λ2MS r̃
2

λMS = 0.509GeV

k = 0.153GeV 2

λ = 0.406GeV

where γE = 0.5772 is the Euler constant.
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Figure 9: J/Ψ Dipole cross section for the quark-antiquark pair for the LC-wavefunctions

solutions for different potential with the parameters given in [22] as a function r. The

distribution function ΨV (r, z) is generated by two models for the b−b− interaction potential:

Harmonic Oscillator Model and the Buchmüller-Tye Parameterisation.
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Figure 10: Ψ(2s) Dipole cross section for the quark-antiquark pair for the LC-wavefunctions

solutions for different potential with the parameters given in [22] as a function r. The

distribution function ΨV (r, z) is generated by two models for the b−b− interaction potential:

Harmonic Oscillator Model and the Buchmüller-Tye Parameterisation.

4.3.2 Gaussian wave-functions

In order to verify if the saturation effects strongly depend on the wave function implemented,

another kind of them was used. This kind of wave function is known in the literature as

Gaussian Wave Functions. According to [28] the simplest way of modelling a vector

meson wave function is to assume that is predominantly a quark-antiquark state and that

the spin and polarisation are the same as the photon. Furthermore, the transversely polarised

vector meson wave function is equal to:

ΨV
hh̄,λ=±1(r, z) = ±

√
2Nc

1

z(1− z)

[
ie±iθr][zδh,±δh̄,∓ − (1− z)δh,∓δh̄,±]∂r +mfδh,±δh̄,∓

]
ΦL(r, z)

(43)
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The longitudinally polarised wave function is more complicated because the decoupling of

the quarks to the meson is non-local and its given by:

ΨV
hh̄,λ=0(r, z) =

√
Ncδh,−h̄

[
MV + δ

m2
f −∇2

r

MV z(1− z)

]
ΦL(r, z) (44)

where ∇2
r ≡ (1/r)∂r + ∂2r and MV is the meson mass. Now, [28] state that where the photon

and vector meson wave functions overlap is given by:

(Ψ∗
VΨ)T = êfe

Nc

πz(1− z)
{m2

fK0(ϵr)ϕT (r, z)− [z2 + (1− z)2]ϵK1(ϵr)∂rϕT (r, z)} (45)

and

(Ψ∗
VΨ)L = êfe

Nc

π
2Qz(1− z)K0(ϵr)

[
MV ϕL(r, z) + δ

m2
f −∇2

r

MV z(1− z)
ϕL(r, z)

]
(46)

where the effective charge êf = 2/3 for J/Ψ meson.
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Figure 11: The Gaussian wave function ΨV (r, z) for the two vector mesons J/Ψ, and Ψ(2s)

respectively, for the same quark momentum fractions z.
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Figure 12: The Gaussian squared wave function Ψ2
V (r, z) for the two vector mesons J/Ψ,

and Ψ(2s) respectively, for the same quark momentum fractions z and the region Q2 = 0.

4.4 Dipole Models

Is of particular interest to describe the inclusive and diffractive deep inelastic scattering

cross sections in HERA and LHC detectors. A useful tool to do that, are the well-known

dipole models due to the fact they provide an elegant description of QCD reactions at

low-x and low Q2 region. [22] Also because it allows describing simultaneously a bunch of

physical reactions; such as deep inelastic scattering processes, inclusive diffractive processes,

exclusive J/Ψ, ρ, and Φ production, diffractive jet production, and finally, diffractive or

non-diffractive charm production. The optical theorem boldly relates all these processes

with their gluon density which is the same for all of them. [22] If it is needed to determine

with high accuracy the gluon densities, it is needed need to rely on the analysis of high

quality, inclusive deep inelastic scattering taken from the experimental data available in x

and Q2 region. Therefore, H1, ZEUS, ALICE and LHCb are ideal experiments for our study

because they have combined inclusive deep inelastic scattering cross-sections to reduce the
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errors and increase the precision by a factor of two. [22]

The new kinematic region of small values of the Bjorken variable x directly relates to the

Regge limit in QCD. In this limit, QCD enters the semi-hard perturbative domain where

x ≈ Q2/W 2 ≪ 1 and the virtual photon mass Q is much bigger than the Lagrangian LQCD

and simultaneously, smaller than the invariant energy of the virtual photon-proton system,

W . All of these, guarantee that αs(Q) is small enough for perturbative calculations to apply

to the system. It has a great advantage because it leads to either DGLAP or the BFKL

evolution equations. [25] It is required to answer the question of whether we still get a precise

description of HERA and LHC data with the saturation model and its modification.

Before starting, let’s define some scales:

•
√
s: Center of mass energy because of the reaction of the electron and the hadron

• W 2: Center of mass energy because of the reaction of the photon and the hadron

• Q: Resolution of the insides of the hadrons 1/λ

Mathematically, the centre of mass energy and the resolution are put together to define a

new variable x. It is worth mentioning that these two quantities are defined in terms of their

momentum.

W 2 = (p+ q)2

s = (k + p)2

x =
Q2

(W 2 +Q2)
=

Q2

2pq

W 2 = (p+ q)2 = p2 + 2pq + q2 = 0 + 2pq −Q2

Where the limit p = 0 is implemented. Finally,

1

x
=
W 2 +Q2

Q2

Dipole Models have presented a radical new way of understanding the deep inelastic scat-

tering process, dividing it into a two-stage process; First, the virtual photon fluctuates into

a dipole of quark and anti-quark pair, and secondly, the dipole interacts with the proton.
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[30] The dipole presents a quasi-stable quantum mechanical state with a considerably long

lifetime of the order of Q2 ∼ 1/mpx with the size of r and has the characteristic of remaining

unchanged during the scattering. Now, to determine the probability of finding a dipole of

size r within a photon that only depends on the value of the external Q2 and the fraction

of the photon momentum carried by the dipole formed by a pair of quarks, a wave-function

Ψ is implemented. The scattering amplitude will be defined as the product of the virtual

photon wave function Ψ and the dipole cross-section σdip. It determines the probability of

the scattering of the dipole-photon process. [30]

Before defining the dipole models implemented in this study, is worth mentioning that

this study aims to explore the energy dependence of the cross-section for exclusive photo-

production of vector mesons J/Ψ and its excited state Ψ(2s) so possible signs for the onset

of non-linear QCD dynamics can be found. Therefore, the saturation models were studied

for both the linear regime where saturation effects in the nuclei are absent, and for the com-

plete version where saturation effects in the nuclei are considered. All of this is so we can

have an accurate description of the gluonic distributions subject to both linear and nonlinear

evolutions.

4.5 GBW Model

It is a simple ansatz dipole model able to describe the total inclusive and diffractive cross-

sections. The cross-section for a vector meson production is given by the Golec-Biernat

and Wuesthoff model (GBW saturation model) (see [22]) and its modification to cover high

values of Q2, which takes into account the gluon density in an explicit way. The dipole

cross-section of the GBW model is given by:

σdip(r, x) = σ0

(
1− exp

[
−r

2Q2
s(x)

4

])
(47)
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The r corresponds to the transverse separation between the quark and the antiquark, and x

is the dependent scale parameter where the saturation scale Qs is defined as [22].

Q2
s(x) = Q2

0

(
x

x0

)−λ

(48)

with Q2
0 = 1 GeV. The above cross-section has a property of geometric scaling [22]:

σdip(r, x) = σdip (rQs(x)) (49)

This means it becomes a function of a single variable, rQs, for all values of r and x. The

three parameters of this fit are σ0, λ and x0. Another fact about the GBW model is that

not incorporate QCD evolution in the resolution scale Q2 in the small r part of the dipole

cross-section [22]. It implies that the power λ controls the growth of the total and diffractive

cross-section with x and is independent of Q2. σ0 is the constant that describes the value

where the dipole cross-section saturation stabilizes. It provides a good description of data

from medium Q2 values, down to low values (From 30 GeV to 0.1 GeV). [22] [30] It is needed

to fit the GBW model parameters to get the precision we want for the description of the

data extracted from HERA and the LHC. That will be done by the Golec-Biernat Sapeta

Fit in short displayed.

In summary, the GBW model is accurate in describing HERA and LHC data for small and

moderate values of Q2 thanks to the concept of parton saturation and using only three fit-

ted parameters [22]. In conclusion, this model describes the grand qualities of the HERA

experiment working with small and moderate values of Q2 and with the transitions of the

DIS structure functions for small values of Q2 ≤ 1GeV 2 which is possible to have with the

addition of parton saturation and exclusively three parameters, preferably fixed if possible.

For this dipole model, two modifications were made: Firstly, an exponential expansion for

the non-linear version was made (equation 47) leaving the following equation:

σdip(r, x) = σ0

[
r2Q2

s(x)

4

]
(50)

This was done to compare at which point the phase space region is separated from low and

from saturated gluon densities. The growth of our theoretical prediction when it’s in its lin-

ear version depends only on the saturation scale. Nevertheless, it was found that differences
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between linear and non-linear implementations were relatively small at the level of photo-

production cross-sections, in particular, if both theoretical and experimental uncertainties

are taken into account.

Finally, for this study, a parameter k was introduced in order to vary the strength of non-

linear corrections in the dipole model. This parameter does not affect the linear result, but

it tells us how important are the non-linear corrections. In particular, if this parameter k is

too big, the non-linear terms become relevant, and then if it is close to zero, everything also

becomes zero. For the non-linear version, the dipole cross-section is given by:

σdip(x, r
2, k) =

σ0
k

(
1− exp

[
−k · r

2Q2
s(x)

4

])
(51)

where equation (48) is again the scale that grows with the energy. (As x→ 0) Finally, when

making the exponential expansion of equation (51), the k term gets cancelled with the k in

the denominator and we have again our linear version of the dipole model as in equation

(50) in which saturation effects are not considered.

σdip(x, r
2, k) = σ0

[
r2Q2

s(x)

4

]
(52)
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Figure 13: Dipole cross section for the J/Ψ vector meson given by the GBW model for the

scale with the parameters from fit GBS explained in [23] as a function r implementing the

parameter k previously explained to vary the strength of non-linear corrections in the dipole

model.

4.6 BGK Model (DGLAP Improved Model)

For this study, another dipole model was implemented. This model is an improved version

of the GBW model, because takes into account the DGLAP evolution of the gluon density in

an explicit way [30]. One of the advantages of this model is that it also takes into account the

eikonal approximation of the GBW model when saturation occurs. The total cross-section

for a vector meson production is given by the Bartels, Golec-Biernat and Kowalski model

(BGK model):

σdip(x, r
2) = σ0

(
1− exp

[
−π

2r2αs(µ
2)xg(x, µ2)

3σ0

])
(53)

Where αs(µ
2) is the strong coupling constant, g(x, µ2) is the gluon distribution in the proton

subject to DGLAP evolution, r the dipole size, x a scale defined by M2/W 2 and σ0 is a
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constant.

At this point, two different fits can be implemented for the dipole model given in equation

(53): the fit given by the authors of [30] and the fit given by the authors in [22]. Despite the

fact in the section on results the fit described in [30] was implemented; for practical purposes

and because the gluon distribution extracted from this paper didn’t differentiate between

linear and non-linear effects, only the fit discussed by the authors in [22] will be described.

Back to equation (53), the term g(x, µ2) denotes the gluon distributions taken from the scale:

µ2 =
C

r2
+ µ2

0 (54)

According to [22], the gluon distribution evolves following the DGLAP evolution equations

truncated to the gluonic sector as follows:

∂g(x, µ2)

∂ lnµ2
=
αs(µ

2)

2π

∫ 1

x

dz

z
Pgg(x)g(

x

z
, µ2) (55)

From the initial condition,

xg(x,Q2
0) = Agx

−λg(1− x)5.6 (56)

taken at the scale Q0 = 1 GeV. The authors in [23] used the power 5.6 because it regulates

the large-x behaviour and it’s motivated by global fits to deep inelastic scattering data with

the LO DGLAP equations. The splitting function Pgg contains real and virtual terms with

the number of active quark flavours nf and is given by:

Pgg(z) = 2Nc

(
z

(1− z)+
+

1− z

z
+ z(1− z)

)
+ δ(1− z)

11CA − 4nfTR
6

(57)

Where Ca = Nc = 3 and TR = 1/2. The authors in [22] set in the leading order of the strong

coupling constant Λ = 300 MeV; this implies that BGK model will have five parameters to

fit: σ0, Ag, λg, C and µ2
0.

The dipole cross-section given by equation (53) has the property of colour transparency

and tends to the perturbative QCD result in the limit r → 0. Furthermore, for small-size

dipoles, the scale µ2 ≈ C/r2 and the dipole cross-section is proportional to r2 next to the

logarithmic modifications due to the scale dependence of the gluon distribution: [22].

σdip ≈
π2

3
r2αs(C/r

2)xg(x,C/r2) (58)
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These extra logarithms allow better fits to the data at large values of Q2. When the limit of

large dipoles µ2 ≈ µ2
0 and as consequence, the dipole cross section will be equal to:

σdip ≈ σ0

[
1− exp

[
−π

2r2αs(µ
2
0)xg(x, µ

2
0)

3σ0

]]
(59)

Therefore, when having r large, the GBW dipole cross-section with its saturation scale is

given by:

Q2
s(x) =

4π2

3σ0
αs(µ

2
0)xg(x, µ

2
0), (60)

where the x gives a dependency by the gluon distribution taken because of the scale µ2
0. [22].

The equation (53) is a geometric scale for this specific equation. The features of the dipole

cross-section can also be obtained by having a different scale µ:

µ2 =
µ2
0

1− exp(−µ2
0r

2/C)
(61)

and the interpolation is subtle between in the term C/r2 behaviour when having a small r

and the constant µ2 = µ2
0 when r → ∞. In short, the BGK model extends the GBW model

saturation to larger values of Q2, giving a fantastic description of both HERA and LHC data

up to Q2 = 650 GeV 2 achieved by modifying the dipole cross-section for small sizes to match

the perturbative QCD results in this region. At last but not least, both characteristics of the

GBW model that are the saturation scale and geometric scaling are conserved in the BGK

model in the region of rQs > 1. This is useful because they are responsible for the transition

of F2 to small values of Q2 [22].

As it was done for the GBW model, an exponential expansion was done for equation (53)

leading to the following equation:

σdip(x, r
2) = σ0

[
π2r2αs(µ

2)xg(x, µ2)

3σ0

]
(62)

This expansion was made to explore the difference between linear and non-linear effects

where the linearized version does not take into account saturation effects and the non-linear

version does take into account saturation effects.

The growth of the theoretical prediction despite the fact is in its linear version, takes into

account DGLAP evolution in the description. Nevertheless, it was found that differences
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between linear and non-linear implementations were relatively small at the level of photo-

production cross-sections, in particular, if both theoretical and experimental uncertainties

are taken into account such as in the GBW model.

On the other hand, a modification to the non-linear version was made for the BGK model.

This modification consists in implementing a parameter k as it was done for the GBW

model which simulates non-linear effects through exponentiating of the leading order QCD

description. The modified model has the following form:

σdip(x, r
2, k) =

σ0
k

(
1− exp

[
−k · π

2r2αs(µ
2)xg(x, µ2)

3σ0

])
(63)

Since this model is not as simple as the GBW, for obtaining the linear version of the modified

BGK model a rather tedious process was made. Firstly, the numerical values of dipole

cross sections and structure functions corresponding to the fits given by [22] were taken

and interpolated. After that, the value for the linear version without the modification was

obtained by expanding the exponential as it was done in equation (62). The last step was to

calculate the linearized version using a small k. The explicit linear version of the modified

model has the following form:

σdip(x, r
2, k) =

σ0
k

[
1−

(
1− π2r2αs(µ

2)xg(x, µ2)

3σ0

) σ0
σ0
k

]
(64)

Therefore, assuming this premise that k is small enough, the linear version appears for the

BGK model: (as in equation 62)

σdip(x, r
2, k) = σ0

[
π2r2αs(µ

2)xg(x, µ2)

3σ0

]
(65)

The k parameter does not affect the linear result, but it tells how important are the

non-linear corrections. In particular, if this parameter k is too small, the non-linear terms

become relevant, then if it is close to zero, everything also becomes zero, and finally, if it

approaches one, it causes no hierarchy and the importance of terms is only determined by

the saturation scale.
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Figure 14: Dipole cross section for the J/Ψ vector meson given by the BGK model for the

scale with the parameters from fit GBS explained in [23] as a function r implementing the

parameter k previously explained to vary the strength of non-linear corrections in the dipole

model.

4.7 Exclusive Photo-production of J/Ψ and Ψ(2s) as a tool to explore

the transition to high and saturated gluon densities at the LHC.

The exclusive photo-production of vector mesons is the main concern of this research due

to the fact this observable is very useful for describing the gluon distribution at low x

(x = 4× 10−6). [25] Charm quarks are of special interest because they provide a hard scale

at the limit between soft and hard physics. As a consequence of that, it is expected for this

observable to be sensitive to the presence of a semi-hard scale; which is directly associated

with the transition to the saturation region. On the other hand, it is worth mentioning that

the light-cone wave functions differentiate their dependency on their dipole size between

the base state and the excited state of the charmounium-bound state. To study the gluon
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distribution at LHC for the process:

γ(q) + p(p) → V (q′) + p(p′) (66)

data was extracted from both HERA and LHC to study the photo-production of the bound

states of the charms quarks (In this case, the J/Ψ particle and the Ψ(2s)), where V = J/Ψ,

Ψ(2s), and γ denotes the virtual photon. [25]

There are three main objectives of this research project:

1. The study of the exclusive photo-production of vector mesons at the Large Hadron

Collider.

2. Determination of the photoproduction cross-section and comparison with data.

3. Identify observables that can distinguish between gluon distributions subject to linear

and non-linear QCD evolution.

The Feynman diagrams that describe the photo-production of vector mesons are given by

the following figures:
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J/Ψ,Ψ(2s)

e, p, Pb

W 2

t

q

p

Figure 15: An ultra-peripherical collision occurring between a hadron and an ultra-heavy
lead atom, (it can be also an electron or proton) where they are exchanging a photon with
momentum q and creating a dipole of quarks, resulting in a vector meson. t is the momentum
transfer t = (q − q′) and W 2 = (q + p)2 is the squared center-of-mass energy. [25] (Hentschinski

and Padron, 2021)
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Figure 16: Zooming in the section of the dipole of quarks of the previous figure, we get the
following Feynman diagram for the quark-antiquark dipole, where the quasi-real photon has
virtuality Q → 0, and momentum fractions this latter has been given by z and 1 − z. The
transverse separation is given by r. Finally, k denotes the transverse momentum transmitted
from the unintegrated gluon distribution of the proton which is represented as a grey bolb.
[25] (Hentschinski and Padron, 2021)

The differential cross section for the exclusive photo-production of a vector meson ac-

cording to [25] is given by:

dσ

dt
(γp→ V p) =

1

16π
| Aγp→V p

T (W 2, t) | (67)

Where AT (W
2, t) is the scattering amplitude for the reaction (γp → V p) for colour singlet

exchange in the t-channel, with an overall factor W 2 already extracted. [25]

Now, we must calculate the total photo-production cross-section based on the dipole. This

is only possible if one follows a two step process:

1. Determine the differential cross-section at zero momentum transfer (t = 0)

2. Model the t-dependence, because this would allow us to relate the differential cross-

section at t = 0 to the integrated cross-section.
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We must assume that the differential cross section has an exponential drop-off with | t | as
follows:

σ ∼ exp[− | t | BD(W )] (68)

With an energy dependent t slope parameter BD:

BD(W ) =

[
b0 + 4α′ ln

(
W

W0

)]
GeV −2 (69)

Therefore, the total cross-section for vector meson production is given as follows:

σγp→V p(W 2) =
1

BD(W )

dσ

dt
(γp→ V p) |t=0 (70)

The uncertainty introduced through the modelling of the t-dependence mainly affects the

overall normalization of the cross-section with a mild logarithmic dependence on the energy.

[25]

Now, is necessary to calculate the scattering amplitude so we can obtain our cross-section. In

order to calculate it, we first note that the dominant contribution is provided by its imaginary

part. Corrections due to the real part of the scattering amplitude can be estimated using

dispersion relations, in this case: [25]

ℜeA(W 2, t)

ℑmA(W 2, t)
= tan

(
λπ

2

)
(71)

with

λ(x) =
d

d ln(1/x)
lnℑmA(x, t)

We do not assume λ is a constant but instead determine the slope λ directly from the W-

dependent imaginary part of the scattering amplitude because the slope parameter λ on

energy W gives us a reasonable correction to the W dependence of the total cross-section.

It is not assumed that λ is constant, as a result the slope of λ is obtained directly from the

W − dependent imaginary part for the scattering amplitude. [25] The imaginary part of the

scattering amplitude is obtained using a Gaussian model for the light-cone wave function

of the vector mesons and uses instead a re-fined description which includes relativistic spin-

rotation effects in the forward limit. The imaginary part of the scattering amplitude is

then:

ℑmAT (W
2, t = 0) =

∫
d2r

[
σqq

(
M2

V

W 2
, r

)
Σ

1

T (r) +
d

dr
σqq

(
M2

v

W 2
, r

)
Σ

(2)

T (r)

]
(72)
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with r =| r |. [25]
The functions Σ

(1,2)

T describe the transition of a transversely polarized photon into a vector

meson V. These equations are given by:

Σ
(i)

T (r) = êf

√
αe.m.Nc

2π2
K0(mfr)Ξ

(i)(r), i = 1, 2 (73)

where

Ξ(1)(r) =

∫ 1

0

dz

∫ ∞

0

dppJ0(p · r)×
m2

T +mTmL − 2p2z(1− z)

mT +mL

ΨV (z, p) (74)

Ξ(2)(r) =

∫ 1

0

dz

∫ ∞

0

dpp2J1(p · r)×
mT +mL +mT (1− 2z)2

2mT (mT +mL)
ΨV (z, p) (75)

Where êf = 2/3 is the charge of the charm quark, αe.m is the electromagnetic fine structure

constant, Nc = 3 is the number of colors and K0 with J0,1 are the Bessel functions of the

second and first kind respectively.

At last, mf is the quark charm’s mass and p =| p | is the modulus of the transverse

momentum. Therefore it is given that:

m2
T = m2

f + p2 (76)

and

m2
L = 4m2

fz(1− z) (77)

for the wave function of the vector meson ΨV (z, p). [12] [28] At last but not least, apart

from determining the differential cross section for the J/Ψ meson, it was also determined the

radially excited charmonium Ψ(2s) cross-section implementing as well as a set of charmo-

nium wave functions given in [29] to estimate the uncertainties associated with the energy

dependence of the LK and GBS fits given in [30] and [22] respectively.

The parameters for the diffractive slope BD as given in equation (69) take into account

the following parameters determined from a fit to HERA data:

b
(J/Ψ)
0 = 4.62 (78)

b
Ψ(2s)
0 = b

J/Ψ
0 + 0.24
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α′
(J/Ψ(0) = 0.171 (79)

α′
Ψ(2s)(0) = α′

(J/Ψ − 0.02

5. Results

The section of results will be divided into three parts:

The first part will implement the BGK saturation dipole model for predicting the energy

dependence for the photo-production cross section using two different fits: the Luszczak-

Kowalski fit (LK Fit) [30] and the Golec-Biernat-Sapeta Fit (GBS fit) [22]. Light-Cone

wave functions were also implemented in this part of the study for solving the Schrödinger

equations given in (32) and (37) with the Buchmüller-Tye potential. After all of this, the

theoretical prediction will be compared with data extracted from both the LHC and HERA

detectors data.

For the second part of the results, it was verified that the wave function implemented strongly

affects the non-linear effects in the theoretical predictions. Alike section one, the same anal-

ysis was made for the BGK model but with two main differences: Firstly, the fit given in

[30] was taken away and just left the GBS fit [22], due to the fact LK fit doesn’t give a good

description of the data. Secondly, the Gaussian wave functions given by [28] were imple-

mented to verify if the saturation effects observed at low x strongly depend on the chosen

wave function, obtaining very satisfying results.

The third and last part of the study will present again the summarized results for two

saturation dipole models: the BGK model and the GBW implementing for both the GBS

fit found in [22] with a slight difference; a parameter k was introduced in order simulate

non-linear effects through exponentiating of the leading order QCD description. For this

study, again the Gaussian wave functions were implemented [28].

The reason for implementing a k parameter into our study is because is not entirely clear to
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which extent HERA data can constrain non-linear corrections (because they are not large

for the x values of HERA). That’s why we are interested in what is the importance of these

terms in the LHC. The parameter k allows us to vary the strength of non-linear corrections

in the dipole models. This parameter does not affect the linear result, but it tells us how

important are the non-linear corrections.

Each of the theoretical predictions was compared to data extracted from both HERA and

the LHC. It’s important to mention that for every section we included three different plots;

one for the energy dependency for the photo-production cross-section for J/Ψ vector meson,

another for the radially excited charmonium Ψ(2s) and finally, one for the ratio of the photo-

production cross-sections between Ψ(2s) and J/Ψ vector mesons cross sections. Since the

ratio between cross sections enhance the difference between linear and non-linear evolution,

it becomes a useful tool to distinguish between linear and non-linear QCD evolution as it

was observed in [25].

Finally, it is worth saying that the measurement of the ratio of the photo-production cross-

section is a useful tool to study because it cancels out errors in the normalization that the

data and our model may have. Therefore, this observable could in principle apply to photon-

proton scattering at the highest centre of mass energies as measured at LHC, as well as to

photo-production cross-sections obtained in electron-ion scattering at the future Electron-Ion

Collider.
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5.1 Summarized results comparing LK and GBS fits implementing

the BGK dipole saturation model
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Figure 17: The energy dependence of the J/Ψ photo-production cross-section as provided

by the BGK saturation model for gluon distribution, considering two different fits: the LK

and the GBS. (see [22] and [30]).

It is further displayed the photo-production data measured at HERA by ZEUS ([14],[15]) and

H1 ([7],[8],[9]) as well as LHC data obtained from ALICE ([4],[6]) and LHCb (W+ solutions)

([2],[3]) collaborations. The fit was made to the highest precision data extracted from LHCb

collaboration and the error bars displayed in figure 17 do not denote the complete uncertainty

associated with these data points.

It can be seen that the differences between linear and non-linear regimes for the LK fit are
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almost null. Therefore, it is very probable that non-linear corrections strongly depend on

the implemented fit. Specifically, for this first part the Buchmüller-Tye potential was chosen

in order to give the numerical solution of the Schrödinger equation given by authors in [13].
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Figure 18: The energy dependence of the Ψ(2s) photo-production cross-section as provided

by the BGK saturation model for gluon distribution considering two different fits: the LK

and the GBS. (see [22] and [30]).

It is further displayed the photo-production data measured at HERA by H1 ([7],[34]) as

well as LHC data obtained from the LHCb collaboration (W+ and W− solution) [3]. The

dipole model provides a rather excellent description of the energy dependence with a very

similar result for the wave functions given by authors in [29]. The Buchmüller-Tye potential

was chosen to give the numerical solution of the Schrödinger equation, and finally, the fit

was made to the highest precision data extracted from LHCb collaboration.
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Figure 19: The energy dependence of the ratio of Ψ(2s) and J/ψ photo-production cross-

section as provided by the BGK saturation model for gluon distribution considering two

different fits: the LK and the GBS. (see [22] and [30]).

It is further displayed the photo-production data measured at HERA by H1 collaboration

[7]. For the GBS fit, the linear NLO BFKL evolution predicts a ratio which is approximately

constant with the energy of the photo-production cross-section, while the non-linear BK

evolution predicts an increase with the energy of the cross-section ratio. As seen before, LK

was not useful for differentiating linear NLO BFKL evolution and non-linear BK evolution.

The fit was done for H1’s highest precision data. Finally, The Buchmüller-Tye potential was

chosen in order to give the numerical solution of the Schrödinger equation given by authors

in [12] and [29].
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5.2 Gaussian Wave-Functions
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Figure 20: The energy dependence of the J/Ψ photo-production cross-section process pro-

vided by the GBW and the BGK saturation models for gluon distribution implementing the

GBS fit (see [22] ).

It is further displayed photo-production data measured at HERA by ZEUS ([14],[15]) and

H1 ([7],[8],[9]) as well as LHC data obtained from ALICE ([4],[6]) and LHCb (W+ solutions)

([2],[3]) collaborations. The fit was made to the highest precision data extracted from LHCb

collaboration and the error bars displayed in figure 20 do not denote the complete uncer-

tainty associated with these data points. As stated in the title, Gaussian functions were

implemented to verify if the wave functions in some way affect the signs for the onset of

non-linear QCD dynamics.
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Figure 21: The energy dependence of the Ψ(2s) photo-production cross-section process pro-

vided by the GBW and the BGK saturation models for gluon distribution implementing the

GBS fit (see [22]).

We further display photo-production data measured at HERA by H1 ([7],[34]) as well

as LHC data obtained from the LHCb collaboration (W+ and W− solution) [3]. The BGK

dipole model provides a rather excellent description of the energy dependence implementing

the Gaussian wave functions and it’s fitted to the highest precision data extracted from

LHCb collaboration.
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Figure 22: ratio

We further display photo-production data measured at HERA by H1 collaboration [7]

and the most recent data extracted from ZEUS collaboration [39]. As in section one, for the

GBS fit, the linear NLO BFKL evolution predicts a ratio which is approximately constant

with the energy of the photo-production cross-section, while the non-linear BK evolution

predicts an increase with the energy of the cross-section ratio.
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5.3 Summarized results comparing two different saturation dipole

models: the GBW and the BGK models implementing the GBS

fit and a new parameter k.
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Figure 23: The energy dependence of the J/Ψ photo-production cross-section process pro-

vided by the GBW and the BGK saturation models for gluon distribution implementing the

GBS fit (see [22] ).

It is further displayed the photo-production data measured at HERA by ZEUS ([14],[15])

and H1 ([7],[8],[9]) as well as LHC data obtained from ALICE ([4],[6]) and LHCb (W+ solu-

tions) ([2],[3]) collaborations. Here there are two different dipole models implemented: the

Golec-Biernat, Wuesthoff Model (GBW) and the Bartels, Golec-Biernat, Kowalski Model
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(BGK). In both models, non-linear effects are simulated through exponentiating of the lead-

ing order QCD description, where the BGK model further includes DGLAP evolution into

the description. On the other hand, the fit was made to the highest precision data extracted

from LHCb collaboration and the error bars displayed in figure (23) do not denote the com-

plete uncertainty associated with these data points. Lastly, the Gaussian wave functions

were implemented for obtaining these results.
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Figure 24: The energy dependence of the Ψ(2s) photo-production cross-section process pro-

vided by the GBW and the BGK saturation models for gluon distribution implementing the

GBS fit (see [22]).

We further display photo-production data measured at HERA by H1 ([7],[34]) as well
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as LHC data obtained from the LHCb collaboration (W+ and W− solution) [3]. Here two

different dipole models were implemented: the Golec-Biernat, Wuesthoff Model (GBW) and

the Bartels, Golec-Biernat, Kowalski Model (BGK). In both models, non-linear effects are

simulated through exponentiating of the leading order QCD description, where the BGK

model further includes DGLAP evolution into the description. On the other hand, the fit

was made to the highest precision data extracted from the LHCb collaboration.
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Figure 25: The energy dependence of the ratio of Ψ(2s) and J/Ψ photo-production cross-

section process provided by the GBW and the BGK saturation models for gluon distribution

implementing the GBS fit (see [22]).

We further display photo-production data measured at HERA by H1 collaboration [7]

and the most recent data extracted from ZEUS collaboration [39]. Despite the fact for both

dipole models, the parameter k simulates non-linear effects through exponentiating of the
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leading order QCD description, for the GBW model if this parameter k is too big, the non-

linear terms become relevant and for the BGK model, if this parameter k is too small, the

non-linear terms become relevant. The linear NLO BFKL evolution predicts a ratio which

is approximately constant with the energy of the photo-production cross-section, but when

k is big enough the non-linear BK evolution predicts an increase with the energy of the

cross-section ratio for the GBW model. On the other hand, the linear NLO BFKL evolution

predicts a ratio which is approximately constant with the energy of the photo-production

cross-section, but when k is small enough the non-linear BK evolution predicts an increase

with the energy of the cross-section ratio for the BGK model. Finally, this fit was made with

the newest and highest precision data extracted from the ZEUS collaboration.

6. Conclusions

It can be concluded that it seems most likely that non-linear effects start to become relevant

at LHC, but their effects can be still absorbed into initial conditions of fits.

Secondly, it can be assured that the BGK model for gluon distribution does not depend on

what wave function you implement, it still describes accurately the same phenomena.

Now, talking about the LK Fit, it can be affirmed that the difference between the linear

and non-linear regimes for the BGK model is almost zero. The reason for that was that the

tables for σ0 the authors proportioned us for this study didn’t have the correct parameters

and hence, it couldn’t be differentiated between linear and non-linear effects when the BGK

model was implemented this fit.

It can also be concluded that we found a similar effect but in a smaller magnitude between

the BFKL and BK evolution. The cross-section doesn’t grow infinitely, even though you

hypothetically put infinite energy in the system. This means, that the number of partons

with a fraction of momentum x inside the nuclei will not grow infinitely, but will eventually

stabilize in a value.

It can be also affirmed that a constant ratio with the energy of Ψ(2s) and J/Ψ cross-section

could hint at the absence of non-linear effects; also seen in [25], but it requires further anal-
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ysis.

On the other hand, when both HERA and LHC data are compared, it is found that the

differences between linear and non-linear implementations are relatively small at the level of

photo-production cross-sections, in particular, if both theoretical and experimental uncer-

tainties are taken into account.

It was also found that the ratio grows with energy in the presence of non-linear effects, while

it remains approximately constant if non-linear effects are absent.

In particular for the GBW model if the parameter k is too big, the non-linear terms become

relevant; if it approaches zero, everything also becomes zero, and if it approaches one, it

causes no hierarchy and the importance of terms is only determined by the saturation scale

Q2
s(x). At last but not least, we can make the same analysis for the BGK saturation model;

but instead of plugging an enormous value inside k, we plug a very minuscule value inside

it and therefore we start to see that the non-linear terms also become relevant. If we fix the

normalization, we see that k is only reflected at the higher energies of the LHC. Finally, it

can be affirmed that for the ratio, the curvature is changing with k.
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