Appendix J
Properties of p Function

Definition 7.1 [Pérez-Aguila05c]: Let x, y € R*. Let p be the function described as
-5 i x<y
y

p(x,y) = l—f if y<x
0 if x=y

Property J.1: Let x, y € R*. Therefore p(x,y) € [0, 1).

Proof:

We consider three cases,

o Ifx=y=px,y) =0.

o Ifx<y=1>x/y>0=-1<xly<0=0<1-x/y<1=0<px,y)< 1.

o Ifx>y=1>yx>0=-1<-yx<0=0<1-yx<1=0<px,y)<1.

S (Vx,y e RY)(p(x,y) € [0,1)) «

Lemma J.1: Let x,y, z € R* such that x <y <z. Then p(x, z) < p(X, y) + p(y, Z).
Proof:
By Definition 7.1 and considering the established hypothesis we have that

P, y)=1-xly oy.z)=1-ylz px,z)=1-x/z

Because by hypothesis, X<y = x/z<y/z = -X/z>-y/z= 1 -X/2> 1 -y/z = p(X, z) > p(y, 2).
Because by hypothesis, y <z = x/y > x/z = x/y < x/z= 1 -x/y < | -x/z = p(X, y) < p(X, Z).

Dueto 1 > p(x, z) > p(y, z) and 1 > p(x, z) > p(X, y)

=2>20x,2)> pX,y)+ 0y, 2) =2 - (xIy+y/z) = 2> 2 - (x/y + y/z)
=21>1-&y+y/z)=2>pXx,y)+p(y,2)>1>1-(xly +y/z)

=X, y)+py,2)>1= pX,y)+ 0y, z) > 1> pX, z).

~ (VX y,ze RY)(xX<y<z)(p(X, 2) < p(X,y) + oY, 2)) (s

Lemma J.2: Let X, y, z € R* such that x <z <y. Then p(x, z) < p(X, y) + p(¥, z).
Proof:
By Definition 7.1 and considering the established hypothesis we have that

px,y)=1-xly oy, z)=1-1zly px,z)=1-x/z

Because by hypothesis, x <z = x/y < z/ly = -x/y > -zly = 1 - x/ly > 1 - zly = p(x, y) > p(y, 2).
Because by hypothesis, z <y = x/z>x/y = -x/z< -xly = 1 - x/z< 1 - x/y = p(X, z) < p(X, y).

Due to p(x, z) < p(x, y) and p(y, z) < p(X, y)
(VX y,ze RY)(X<z<y)pX, z) < p(X,y) + oY, 2)) [«

Lemma J.3: Let X, y, z € R* such that z < x <y. Then p(x, z) < p(X, y) + p(¥, z).
Proof:
By Definition 7.1 and considering the established hypothesis we have that

px,y)=1-xly oy, z)=1-1zly px,z)=1-2z/x

Because by hypothesis, x <y = z/x > z/y = -z/x < -zly = 1 —z/x < 1 - zly = p(X, z) < p(y, z)
= p(X,z) <Py, z) < p(X, y) + )y, 2)
S (VX y,ze RY)(z<x<y)(p(X, z) < p(X,y) + oY, 2)) [«
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Lemma J.4: Let X, y, z€ R* such thatz <y <Xx. Then p(x, z) < p(X, y) + p(y, z).
Proof:
By Definition 7.1 and considering the established hypothesis we have that

pxy)=1-y/x oy.z)=1-zly px,z)=1-1z/x

Because by hypothesis, z<y = z/x <y/x = -z/x > -y/x = 1 - z/x > | - y/x = p(X, z) > p(X, y).
Because by hypothesis, y<x = z/ly > z/x = -z/ly < -z/lx = 1 - zly < 1 - z/x = p(y, z) < p(X, Z).

Dueto I > p(x, z) > p(y, z) and 1 > p(x, z) > p(X, y)

=2>20(x,2)> pX,y) + 0y, z) =2 — (y/x + zly) = 2 > 2 — (y/x + zly)
= 1>1-(x+zly) =2>pX,y)+p(y,2)>1>1-(y/x +zly)
=>pxXy)+py,2)>1= pX,y)+ 00y, z)>1>pX, z)

S (VX y,ze RY)(z<y<x)(p(X, z) < p(X,y) + Y, 2))

Lemma J.5: Let X, y, z€ R* such thaty < x <z. Then p(X, z) < p(X, y) + p(y, z).
Proof:
By Definition 7.1 and considering the established hypothesis we have that

X y)=1-y/x oy.z)=1-ylz px,z)=1-x/z

Because by hypothesis, y<x = y/z<x/z= -y/z>-X/z= 1-y/z>1-Xx/z
= Py, 2) > p(X,z) = (X, 2) < )Xy, 2) < p(X, y) + ply, z)
s (VX y,z€ Ry <x<z2)(p(X, 2) < pX, y) + XY, 2))

Lemma J.6: Let X, y,z€ R* such thaty <z <Xx. Then p(x, z) < p(X, y) + p(y, z).
Proof:
By Definition 7.1 and considering the established hypothesis we have that

X y)=1-y/x oy.z)=1-ylz px,z)=1-1z/x

Because by hypothesis, y<z = y/x<z/x = -y/x>-z/x = 1 —y/x>1-z/x
= p(X,y) > p(X, 2) = p(X,2) < )X, y) < )X, y) + oy, Z)
s (VX y,z€ Ry <z <x)(p(X, 2) < X, y) + XY, 2))



